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Abstract

We introduce a new matching design for financial transactions in an electronic
market. In this mechanism, called ad hoc electronic auction design (AHEAD),
market participants can trade between themselves at a fixed price and trigger an
auction when they are no longer satisfied with this fixed price. In this context,
we prove that a Nash equilibrium is obtained between market participants. Fur-
thermore, we are able to assess quantitatively the relevance of ad hoc auctions and
to compare them with periodic auctions and continuous limit order books. We
show that from the investors’ viewpoint, the microstructure of the asset is usually

significantly improved when using AHEAD.
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1 Introduction

1.1 Existing market models: Continuous limit order book and

periodic auctions

The question of a suitable market microstructure enabling an exchange to ensure satis-
factory conditions for trading activities of market participants is particularly intricate.
The most standard approach, adopted by a large number of exchanges, is the continuous
limit order book (CLOB for short). In this setting, market participants can either choose
to trade immediately by accepting the price offered by a counterparty in the order book
(sending what is called an aggressive order and thereby reducing the quantity of shares
instantly available in the limit order book) or place a passive order, which waits in the or-
der book to find a counterparty. The recent change in the very nature of market makers,
which are nowadays essentially high frequency traders, has triggered a debate on whether
CLOBs are the most suitable order matching mechanism, notably in terms of quality
of the price formation process. The alternative design which is usually put forward is
that of periodic auctions. In this case, transactions occur once the auction terminates.
The traded price is the equilibrium price maximising the number of financial instruments
traded, determined at the end of the auction period from the imbalance between buy
and sell orders accumulated during the duration of the auction. Currently, some auctions
are already held at regular intervals in many markets where the main mechanism is a
CLOB, typically at the beginning and at the end of the trading day. Moreover, some
exchanges organise periodic auctions throughout the day. This is for example the case of

BATS-Cboe for European equities.

One of the benefits of auctions derives from the fact that they mechanically slow down
the market. Doing so, they suppress some obvious flaws due to speed competition of high

frequency market makers in a CLOB environment. This is particularly well emphasized

in ( ); ( ) and the influential paper
( ) where a lower bound for auction duration so that speed arbitrages vanish
is provided (about 100 ms). In the paper ( ), the authors also consider

the issue of determining a suitable time period for the auction duration. To do so, they
model the behaviour of microscopic agents who optimise their demand schedules with
respect to the available information in the market. They show that the optimal auction

duration is linked to the rate of arrival of information.



Regarding a suitable market design, each type of market participants has a different
view on the question depending on its activity. This is why there is a crucial need
for a quantitative analysis enabling us to assess and compare the different mechanisms
objectively. This is done in ( ) where the authors extend the works

( ) and ( ). More precisely, they are able to
compare CLOBs and periodic auctions from a price formation process viewpoint using
stochastic differential games. They also provide optimal auction durations (a few minutes

in practice according to their approach, depending on the asset involved).

1.2 Going AHEAD

Auctions and CLOB represent two quite orthogonal approaches in terms of market de-
sign. In this paper, we aim to study an hybrid mechanism that we call ad hoc electronic
auction design (AHEAD). The idea of ad hoc auctions is to organise a specific type of
continuous trading session after each auction. During the continuous session, market
participants trade between themselves at a fixed price equal to the last auction’s clearing
price. Any market participant has the opportunity to end the continuous session when
he is no longer satisfied with the price by triggering a new auction. The only constraint
imposed by the exchange to market participants for triggering a new auction phase is
to commit at least a minimal volume in the auction. In this setting, there can be two
reasons to motivate investors for ending the continuous phase. Either they consider the
trading price is no longer reasonable or they are not able to trade at this price because of
the lack of counterparty from other participants. Our underlying idea for the relevance
of this mechanism is that it can provide the best of both worlds, interpolating between
CLOB and periodic auctions, by conveying information about a potential price change
to all market participants in a timely manner. On the one hand, auction phases enable
market participants to source liquidity through a competitive process of price formation.
On the other hand, potential local volume disequilibria between the needs of buyers and

sellers that do not warrant a price change can be mitigated during the continuous sessions.

Note that we focus here on AHEAD implementation on non-fragmented markets, such as
small and mid-cap markets (some of these stocks may display a limited fragmentation,
however discussions towards the revision of MiFID II in Europe indicate the will of the

regulator to impose a unique structure for such assets). In this case, AHEAD could be



a decisive model since it improves liquidity aggregation. Furthermore, an auction on an
illiquid instrument ending without any transaction would still deliver a change in the
clearing price of the instrument. Direct listings, where building steadily liquidity is the
key success factor, represent another situation where AHEAD could prove worthwhile
and allow easier access to the financial markets for the small and mid-cap enterprises.
Competition between two AHEAD markets could result in something closer to a more
stable version of a CLOB: in phases where both venues can trade on a fixed price, there
would be situations where one venue would display liquidity at a “bid” and the other
venue at an “offer” (depending on the chosen make-take fees schedule)'. In highly frag-
mented markets, CLOBs and auctions interact by catering to different strategies from
market participants. It would be very complex to model such interactions if AHEAD were
to be added to the current microstructure, since the market participant mix would prob-

ably differ considerably from one venue to another. Such study is left for further research.

We consider three agents in our model: two investors, one buyer and one seller, using
aggressive orders and one market maker using passive orders. The market maker provides
liquidity during both the continuous and auction phases. During the continuous phases,
he accepts transactions at the last auction’s clearing price provided they are profitable.
To assess the profitability of a transaction, the market maker compares the last clearing
price and the current efficient price, that is assumed to be observed/built by him contin-
uously”. Our buyer (resp. seller) investor wishes to buy (resp. sell) a given amount of
shares over a given time period. More specifically, we consider that he aims at following
a trading intensity target (coming for example from an Almgren-Chriss type algorithm,
see ( )). Thus his goal is to optimise his PnL while staying close
to the target. From a mathematical viewpoint, his objective function consists into two
terms that he wants to minimise: one measuring his realized trading costs and the other
the deviation from the target. To achieve their goal, our investors have access to two
controls: the trading rate with which they send their market orders and the triggering
times of the auctions. Note that there are of course more than two investors in an actual
market. However, since our auction period will be quite short, we expect in practice only

a small number of investors to take part in each auction (these investors being probably

Tt would then be critical for the regulator to prevent a “race to the bottom” between competing
venues by setting minimum values for the triggering quantities and the auction durations, as MiFID II
did for the tick size.

2In a further study, the model could be developed to allow the market maker to manage its inventory
by triggering auctions himself and investors to use both passive and aggressive orders.



different from one auction to the other). Note also that, in a live market environment,
participants are not restricted to aggressive orders and also compete through passive or-
ders: in an AHEAD market, an aggressive order greater than the liquidity waiting for

execution in the order book would become a passive order for the remainder of the order.

In this model, the market participants compete against each other simultaneously with-
out communicating. They anticipate their opponents’ best reactions to maximize their
benefits. We show that the market admits a Nash equilibrium. This implies that ad hoc
auctions are a viable design as a trading mechanism. Furthermore, from our theoreti-
cal results, we can build a numerical methodology enabling us to compute the optimal
strategies and value functions of the investors under various market configurations. This
is not only done in the ad hoc auction framework but also under CLOB and periodic
auction markets. This allows us to provide a quantitative assessment of the AHEAD
market from the investors’ viewpoint and to compare it with the CLOB and periodic

auction structures.

1.3 AHEAD contribution

Our main findings are the following. First AHEAD seems to be systematically prefer-
able than CLOBs from a market taker perspective. This is somehow in line with the
results in ( ); ( ) which underline the relevance of
auctions compared to CLOBs. Furthermore, based on our computations of the value
functions, we conclude that for a large investor, ad hoc auctions are always a suitable
design (even compared with periodic auctions), in particular when the other investor is
smaller. It enables the large investor to execute part of his orders with the market maker
and to launch auctions when he really needs to do so. In addition to that, thanks to the
transactions executed with the market maker during the continuous phase, he reduces its
volume imbalance with respect to the smaller investor during the auctions phases. For a
small investor, strategic considerations play an important role in the comparison between
ad hoc and periodic auctions. Essentially, if a small investor is still large enough to be
able to trigger auctions without too much relative cost, the ad hoc auction mechanism is
beneficial for him. Otherwise, periodic auctions are more attractive from this investor’s
viewpoint. In practice, in an actual market, the smaller investor could in fact even place

passive orders and hence profit from the market impact generated by the larger one.



Therefore a very small investor may prefer periodic auctions on instruments with high
price viscosity/long queuing time because, in that case, the larger one cannot benefit
from the continuous phase to reduce his volume imbalance in comparison to the smaller

investor, leading to very favourable auction clearing prices for the latter.

The paper is organised as follows. In Section 2 we describe the ad hoc auction mechanism
and our model. We introduce in Section 3 the notion of equilibrium in our framework
and provide results about the existence of such equilibrium under various types of as-
sumptions. Numerical experiments and economic insights can be found in Section 4. The

proofs are relegated to the appendix.

2 Model

In this section, we introduce our model for a market with ad hoc auctions. We build our
mathematical framework and explain how our market participants (the two market takers
and the market maker) interact. Then we describe the objectives of those participants in

terms of optimisation problems.

2.1 Framework

Let T > 0 be a final horizon time, h > 0 the auction’s duration, €2, the set of continuous
functions from [0,7 + h| into R, €4 the set of piece-wise constant cadlag functions from
[0, T+h] into N, and © = Q. x (4)? with corresponding Borel algebra F. The observable
state is the canonical process (W, N&, N?),co.714) on the measurable space (Q, F) defined

for any t € [0, T + h] and w = (w,n% n’) € Q by
Wi(w) = w(t), Nf(w) = n®(t), N (w) = n"(t),
with canonical completed filtration F = (F)¢cpo,r4n) = (Ff ® (Ed)@)te[oerh].
The trading universe is reduced to a single risky asset with observable efficient price P*

given by
P =P +cW;, te[0, T+ hl,

with initial price Py > 0 and constant volatility o > 0. The probability measure on 2

will be defined so that W is a Brownian motion. The efficient price is to be understood



as a benchmark price that market participants use to measure their trading costs by
comparing it with the price they get in their actual transactions, see for example

( ); ( ); ( ). The processes N® and N°

will correspond to the quantities of orders sent by our two investors.

2.2 The market takers

We consider two investors (market takers) sending aggressive orders only. We call them
Player a and Player b. Player a only sends buy market orders while Player b only sends
sell market orders. Let A\_ > 0 be the minimum intensity of arrival of orders and A*™ > A\_
the maximum intensity. We equip our filtered space with the probability P @ P¥ where

PY is the Wiener measure and PV is the solution to the martingale problem (in the sense

of (1987))

M, = (N8, NOT — Ly with Lo = (A%, AT, 0 < X < At t € [0,T + h)
on ((Qd)Q, B((Qd)2)7 ((]:td)®2>te[0,T+h})'

In our model, Player a and Player b control the intensities of buy and sell orders respec-
tively. The set of admissible controls denoted by U is defined by all predictable processes
with values in [A_,\;]. For any pair (A% A?) of admissible controls, we associate P’

the measure defined by
dP)\a’)\b _ \Ij)\a)\b
d]P) t Y

t

where \I!tA X" is the Doleans-Dade exponential martingale given by
A% \b ! )\(sl N a 0 )\Z \7b b 0

oY exp ( O (log($3)dNZ — (X = A°)ds + log($3)dN! — (X, — X )ds)).
Thus, under the measure PA"*" | the processes (Ng—fos ANodu)o<s<T+h, (Nsb—fos N du)o<s<rin
are martingales and (Wj)o<s<r is still a Brownian motion independent of the processes
(N*, N®). In the following, we denote by EA**" the expectation under P***" and we write
\I/;\;”\b = \I/;\a’)‘b/\llia’)‘b for s < t.
The market takers can trigger an auction and we focus on analysing the market and
the behaviours of the participants until the end of the auction. We do not consider

successive auction phases as it would lead to important additional technical difficulties.



Furthermore, we may expect that in practice, under AHEAD, the market would be quite
regenerative from one phase to the other. We write 75, with 0 < s <t < T + h for the
set of stopping times taking values in [s, ] and denote by 7 and 7° in Ty 7 the stopping
times chosen by Player a and Player b respectively. An auction starts at time 7 = 74 A7,
considering that if no player triggers an auction before time 7', an auction is automati-

cally triggered at time T'.

Let (1,7) € 76%T+h be such that 7 < 7, P—a.s. and A € U. We denote by A5 and
Ui- 7 the restriction of A, respectively U, to [7,7]. For any A € U and p € Uj; r1p), we set
()\ r ,u)u = )\u]-ug‘r + ,uu17'<u7 u<T+h.

Finally, we introduce a mechanism which forces the market taker who initiates an auction
to trade a minimal amount in it. This is obviously because from an exchange or regulator
viewpoint, only meaningful auctions are relevant. This means auctions should take place
when the price P is no longer satisfactory. Requiring a minimal traded volume tends
to make the auction clearing price go against the market participant who has triggered
the auction. Consequently, one triggers an auction when really needed. This can also be
seen as a constraint or a cost associated with triggering an auction, where the market
participant considers this cost is less than the cost of waiting with a passive order placed
in the order book. Thus we assume that a fixed given number of orders n € N is
automatically recorded by the exchange for a player triggering an auction. In case both
players triggers at the same time (which will be unlikely but possible in theory in our
discrete setting), we write 7,4, for this number. We define two F,-measurable random
variables, N{ and N_l;, representing the number of orders automatically recorded by the

exchange for Player a and Player b when the auction starts, that is

a A
N+ _ana<Tb,T‘1<T + Naplro—rbor

b~ ~
N+ _anb<T“,Tb<T + n(lbl’Ta’:’Tb<T'

Remark 2.1. In practice, in a continuous-time market, the two players would of course
never trigger an auction at the same time as the matching engine needs anyway to process
one message first. It is actually a straightforward extension to consider the case where
for Player a, ng, is replaced by a random variable taking values O or n with probability 0.5
and for Player b by n minus this variable. We will actually consider such situation in the

numerical results of Section J but keep Ny, for simplicity for the theoretical developments.



In addition, note that we can very well think of a situation where the exchange would let

participants trigger auctions only at some (frequent) specific times.

2.3 The market makers
2.3.1 Continuous trading phase

Let P € R be a price fixed at ¢ = 0. During the continuous phase, at time ¢, the market
maker accepts an order from Player a (buy order) if P > P;. In this case, a unit quantity
is traded at price P. Symmetrically, he accepts an order from Player b (sell order) if
P < P} and then a unit quantity is traded at price P. In other words, at time ¢ during
the continuous trading phase, Player a pays P1p px dNt“ to buy 1p-p: de, while Player
b earns Plp_py dNtb from the selling of 1p.p: dNtb.

We introduce the processes N® and N® describing the number of orders sent by Player a

and Player b which are not rejected by the market maker. They are defined by

t t
Nta = / (1S§7_1P>ps* + 1s>7)ng, Ntb = / (15§T1P<P5* + 15>T)dN£'
0 0

2.3.2 Auction

During the auction, the market maker is willing to buy or sell a given quantity at a certain
price. We consider that he provides a mid-price, that we naturally take equal to P, ,
and a slope K € R, meaning that he offers a volume K(p — P}, ;) at time 7 + h when
the auction price is p € R. Player a sends N[, — N + N{ buy market orders during
the auction and Player b sends N’ , — N? + N% sell market orders. So and similarly to

( ), the auction clearing price P*€ fixed at the clearing time 7 + h is

solution of the equation which equals supply and demand:
0= —K(P™ — P) + (Niyy, — Nf + N&) — (N7, — N+ N9)

i.€.
¢on— N4+ N§)— (NP, — N2+ N?
pauc — P:+h+ ( T7+h T +)K< T+h T +). (1)

Thus, at the end of the auction, Player a buys N2, — N? + N¢{ units at price P**“ and

Player b sells N’ , — N2 + N units at price P

Remark 2.2. One could think the market maker should rather take a mid-price equal to



+o0 if N, —NE+N¢ S NP, — NP+ N to optimise his PnL. However, in a real market,
market makers send limit orders over a bounded price interval and competition between
them prevents them from displaying irrealistic prices. Also, there is in practice uncertainty
on the traded volumes (notably because auctions durations are slightly randomised). High

uncertainty would lead to a high value of K to compensate the lack of information on

(NZgp = NP+ N§) = (N2, — N7+ NY).

2.4 Objectives

Both market takers wish to optimise their PnL per unit of time. We suppose that they
compare the prices they get to the efficient price P* seen as a benchmark. Moreover,
they aim at trading a certain number of assets per unit of time (respectively v* and v°
units per second) and have to pay penalties if they do not reach those targets. We now

give an explicit decomposition of their trading costs per unit of time.

2.4.1 Costs during the continuous trading phase

As explained above, we assume that our two players are penalised during the continuous
market phase if they do not trade the right volumes. More precisely, during the continuous
market phase, we consider the costs of Player a and Player b are respectively given for

any t € [0,7 + h] by

tAT tAT
Lt = q/ (v%s — N%)*ds + / (P — P/)1psprdNy
0 0
tAT tAT (2)
L'=gq / (v’s — N)?ds — / (P — P})1pcprdNy.
0 0

The first term of these equations, where ¢ > 0, represents the penalty if the number of
trades does not match the targeted value and the second one is the cost resulting from

trading activities compared to the benchmark price P*.

Remark 2.3. We could also compute the actual trading costs instead of the costs with
respect to the efficient price, replacing P — P by P in (2).

2.4.2 Costs during the auction

We now turn to the costs Player a and Player b are subjected to during the auction. We
assume again that both players are penalised during the auction if they do not trade at

the rate v® and v® respectively. The penalty here is also quadratic with parameter ¢ > 0.

10



Thus the penalties of Player a and Player b during the auction are respectively given by

a
Cauc

_— qh(va(r + h) — g—&-h — N_?_)Q and C?

auc

= qh(vb(T +h) — Nf+h — Ni)Q.

As in ( ), the cost resulting from trading activities of market taker a is
given by N¢__, (P*“— P ;) while the gain of b resulting from his trades is N7, (P*“ —
Pr.,), where N, = N%, —N*+N¢ and N?_,, = N2, — N2+ N?. Putting together
all the costs/gains of our market takers and using Equation (1), we get that the total

cost of Player a per unit of time is given by

Ne__, AN,..
L8 + Couo+ N& (P = Pryy) L +Cg, + “ozinfloes
T+h T+h
while the gain of Player b is
auc * N‘E rh AN
_L?— - CSuc + N7l'),7'+h(P - PTJrh) _ _Lf— - C(I;uc + ’ +hK —

T+ h T+h

where we set AN, - = N7 ), — Nf_”TJrh. For zp € Ry Xx Nx N xR x R and a pair of

T

controls ((7¢,\2), (7%, \%)), let

a
NT,T+hANT,T+h

‘ “AY a \b [ LA4CE, 4 mrth 2N TR )
! ($O,(T ’)\ )’(Tb’)\b»_E/\ ’ [ T+h = ‘(JO,N()vN(l))aLOaLg)—xO} (3)
and
b AN,
e A o \b [—Lb—Cby g rren S Nrgn )
P, (7,20, (72, 25) = B T (s, N§, Ng, Lg, L) = xo]. (4)

Since Player a aims at minimising his cost, his goal is to minimise over (7% A%) the
objective function
JQ(I(% (Ta’)‘a>’ (Tvab)) (5)

where (7%, A?) are controlled by Player b. Symmetrically, since Player b aims at maximising

his gain, his goal is to maximise over (7%, \’) the objective function
Jb(xO’ (Ta7 )\(1)7 (Tba )‘b)) (6)

where (7% A\*) are controlled by Player a.

Remark 2.4. Using Lemma C.1 from ( ) and the fact that 7 < T and

11



h > 0, we obtain that (3) and (4) are well-defined and finite.

3 Nash equilibrium for pure and mixed stopping games

In this section, we investigate the existence of an equilibrium in the optimisation problems
of the market takers in the sense of Nash equilibrium adapted to our framework. We start
by defining the notion of open-loop Nash equilibrium in the sense of

( ). Then we show that restraining the set of stopping times to those taking values
in a finite set allows us to build an equilibrium in the simple case 7 = 7% = 0 and in the

general case by considering generalized stopping times.

3.1 Open-loop Nash equilibrium

First we define the notion of open-loop Nash equilibrium.

Definition 3.1 (Open-Loop Nash Equilibrum (OLNE)). Given zp € Ry x NxNxR xR,
we say that the pair of controls ((T%*, A%*), (t%*, \>*)) is an open-loop Nash equilibrum

of the game (OLNE for short) if

Ja(xo, (,7_a,>k7 )\a,*)7 (Tb’*, )\b,*)) S Ja({Eo, (Ta, )\a)7 (Tb’*, )\b,*)) V(Ta, )\a) c 76,T % u
Jb(xo, (Ta’*, )\a,*)7 (Tb’*, )\b,*)) 2 Jb(ilfo, (Ta’*, )\a,*)7 (Tb, )\b)) V(Tb, )\b) c 7('),T xU.

We now define a Nash equilibrium for the auction phase.

Definition 3.2 (Open-loop Nash equilibrium for the 7—sub-game). Given z € R, x N X
N xR xR and 7 € Tor, we say that the pair of controls (u*, u>*) is an open-loop Nash

equilibrium for the T-sub-game if

* * N& AN b,* N& AN.
“a« "ub» a T, 7+h T,7+h _ . }La,ﬂ s a T, 7+h T, 7+h
]ET [Cauc _I— K . lnf ]E’T Cauc + K
HOEUr T4 1)

. bk Nb AN, in a b Nb AN, 4p
per e b rrh TR A o el Drrph 2T 4h
]ET |: Cauc + K - sup ET Cauc + K ?

PP €U 741

where B[] := E[-|(P*, N®, N°, L2, L?) = x].
If an open-loop Nash equilibrium exists for the 7-sub-game, we write

N2 AJ\[7',7'~|»h,i|

a __ a,»k7 b,* a TF
67_ — Eﬁ[rj, 17 |:C + T, 7+h

auc K

Nb ANT,T+h
auc

b ua,*7ub,* _ b T r+h
¢ = Er Ch, 4 ST

12



for the payoff of the sub-game (where a given open-loop Nash equilibrium for the 7-sub-

game is chosen).

Similarly to the results of ( ) ( ), we know that
there exists an open-loop Nash equilibrium for the 7—sub-game (7). Thanks to a dynamic
programming argument, we can show that we can start by finding optimal controls for
the sub-game starting at 7 and that an OLNE for the game provides an open-loop Nash
equilibrium for the sub-game corresponding to the auction phase. This is stated in the

following proposition.

Proposition 3.1. Let zp € R x N X N xR x R. For any 7 € Tor, there ex-
ists at least one open-loop Nash equilibrium (u®*, u>*) to the 7-sub-game. Moreover,

we can find two deterministic functions with polynomial growth g*, ¢° such that £ =

g (N? — v, NP — vbr N¢, NY) and & = g* (N2 — vor, NP — vbr, N9, N?).

Finally, if (7%, A%*), (%%, \>*)) is an OLNE for the general game, then the following

dynamic programming principle holds

’ ) b, b, — 1 PEPL Le+&r
Ja(l’(], (Ta *7 )\a *)’ (T *7 )\ *)) o TQG%,;E\EEU[O,T] E [ T :| (8)
a _7bgb
T (g, (T4, AN0), (705, N)) = sup BAT [l

TbG%,T,)\bEM[O’T]

where 7 = 7% A 7% and (A

TR /\I[);TTM}) 1s an open-loop Nash equilibrium for the -

sub-game (7) (with payoffs € and €°), recalling that ()\‘[IT’TTM],)\I[);TTM]) is the restriction
of (A¥* \b*) to [, T + h].

Proof. See Appendix A. m

It will be useful to consider the functions defined on [0, 7] x N x N and for [ =a or [ =b

associated to the value of the sub-game for Player [ when

e he initiates the auction alone:

first l a b, » ~
g (S, Ng, nb) =g (na —vsny, —vUs, n]-l:m n]-l:b)a

e he does not initiate the auction:

second ! a b, ~» ~
g <S7 Ng, nb) =4g (na —UvsnNy, —vUS, nll:ba nll:(I))

13



e he initiates it at the same time as the other player:

sim

! a b, o~ o
gl (87 Ng, nb) = g (na — UV SNy — UV S Nep, nab)7
e the auction starts at 71"

gt (8,14, m3) = g'(ng — v*s,m3 — v°s,0,0).

Note that from Proposition 3.1, we know that these functions have polynomial growth.

Remark 3.1. To build an OLNE for the general game, we can start by building an
equilibrium for the sub-game (7) during the auction and then look for a solution to the

problem (8).

Remark 3.2. The uniqueness of an open-loop Nash equilibrium for the T— sub-game
(7) played during the auction is known to be a very intricate issue, see

( ); ( ). However, numerical experiments seem to indicate that
there is only one Nash equilibrium for the sub-game for each value of (P, N® —v®r, N —

o, N¢, Ni)

Extending the results of ( ) and ( ) to include jump processes
and expectations given by non-trivial risk measures, we can prove that the existence of
an OLNE can be reduced to solving a system of fully coupled integro-partial PDEs. We
refer to Appendix B for more details on it. However, we do not expect to obtain the
existence of an OLNE in this case in a general setting. Nevertheless, as we will see below,
assuming that the players can choose their stopping time only in a set of discrete times

allows us to derive the existence of a Nash equilibrium in this slightly simplified setting.

From now on, we focus on stopping times with values in a discrete subset of [0, T7.

3.2 Discretised stopping games

We look for an OLNE in the case where the stopping times can only take discrete values.
Set 6 € RT such that % eN. Fork=0,..., %, we consider 77§f57T the set of stopping times
with values in the set {kd, (k + 1)d,..., T} almost surely. Note that 72% L1y5.r 18 included

in ﬁ%’T.

14



Remark 3.3. The following results can be easily extended to the case where the stopping

times take values in any finite discrete set.

For any l e [[0, T/é — 1]] and ()\k:)ke[[l,T/éfl]] S U[l§7(l+1)5] X ... X Z/{[T,(;’T}, we set

Q) M= lscc@insh+ D Liscrsrinsn
kel,T/6—-1] ke[l+1,T/6—-1]

Following ( ) and ( ), we can show that there
exists a Nash equilibrium between two fixed discrete times as formalised in the next

lemma.

Lemma 3.1. Let k € [1,T/5], g¢ and §% be two measurable functions defined on [0,T +
h| xRxR?xN? to R, with polynomial growth. Then, their evists (\f_, X,_1) € Uy, 1515
such that

(A b

IE:(I: 56 [ (k5 1:6’ k5>Lk67Nl?§7Nl?5)]:

, PUBY .
essinf [, "S5 l[gk(kd P, Lis, Lys, Nis, Nbs) |

A EU(k—1)5,k6]

LAY T “
E(lf—i)ak 1[9k(k5 o k&ﬁchS’Nké?Nllc)é)} =

esssup E(k e [Qk(ké wss Livss Liss Nitss Nis)]-

L A €U (- 1)5,k5)

In the spirit of ( ), we will show the following results:

e In the case where the triggering cost is null or small enough so that it does not
impact the strategies during the auction, see Section 3.2.2, we can always construct

a Nash equilibrium by backward induction (see Theorem 3.1).

e In the general case, see Section 3.2.3, we can construct a Nash equilibrium if we
extend our probability space to allow for randomised stopping times, see Theorem

3.2.

e In both cases, the pure open-loop Nash equilibrium or randomised open-loop Nash
equilibrium of the discretised game is an e-Nash equilibrium of the continuous game,

see Section 3.2.4.

3.2.1 Discretised game

We now introduce the notion of discretised game and that of Nash equilibrium in this

framework.
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Definition 3.3 (Pure Open-Loop Nash Equilibrium for the discrete game (OLNED)).
Let v € Ry x NX N xR xR. We say that (1%, X>*), (7%, \"*)) € (Tglp x U)? is a pure
open-loop Nash equilibrium of the discretised game (OLNED for short) if it is a solution

to the game

( a a a ANy ryh a a a ANza zaqp
E)\a,*)\b,* |:Lr + Cauc + NT,TJrh K —  inf E}\a,kb,* |:L7~_a + Cauc + N%“,%aJrh K
T+ h TSy, )
el
—Lb . Cb + Nb AN, -4h _Lb _ Cb 4 Nb AN%b,%bML
A@* \by* T auc T T+h K A@* \b 7o auc 7o 70+ h K
EA = sup E*" =
T+ h Tbe%d,Tv 70+ h
\ Abeu
a.s., with 7 = 7oNTH* | 70 = 19*AT0 17 = 79*ATY* and where E[-] := E[-|(P§, N¢, Ng, Lg, LY) =

For sake of simplicity, a pure OLNED will be simply called an OLNED. Inspired by the
literature on optimal stopping in non-zero sum games in discrete time, see among others
( ) ( ), we aim at finding OLNED in the

sense of the above definition.

3.2.2 Particular case: n = n,, = 0, no cost to trigger the auction

We first consider the simple case n = ng,, = 0. In this situation, there is no cost associated
with the triggering of an auction and market takers are indifferent about stopping the
game first or second. We will see that here a Nash equilibrium for the discretised game
can be constructed explicitly.

For (1%, 7%) € (T3'p)?, if Player b’s stopping time is 7, then the value of Player a is the
same whether he plays 7% or 7 A 7°. Symmetrically, the value of Player b is the same
whether he plays 7° or 7® A 7°. So we can simply consider strategies where both players
stop at the same time. We look for a stopping time 7% &€ 76‘fT and trading intensities

(A®*, A\>*) € U? such that

J(xo, (75, A%%), (75, \0%)) < J%(x0, (7%, XY, (75, A%%))  V(12,\?) € 76flT x U
Jb (g, (7%, A%, (7%, A%%)) > Jb(x0, (75, A%%), (72, A%)) V(7P \P) € ’76%. x U

for zp e Ry x Nx N xR x R.

We build by backward induction a process (U¢, UP) kefo,r/5], adapted to the discrete fil-
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tration (Fsk)kefo,,..,r/seny so that, for each k& € {0,1,...,7/6 € N}, U? and U} are the
values of Player a and Player b at time k6 when they both play an OLNED.

Backward induction algorithm. We formally construct by backward induction an

OLNED. We start by setting

L§ 4 gi™"(T, N¢, Np) —L% + gp"*(T, N¢, N%>)
T+h ’ T+ h

(U%/(s» Ug/é) = (

and

T =1T.

SIS

Since the players are forced to enter an auction if they have not started one before time T
and because n = ny, = 0, these values are those of the game if the players start playing at
time 7. In this case, they play a Nash equilibrium during the auction denoted by (A%, \?)

by solving (7), which we can compute with the same numerical method as in

(2019).

In the interval (T" — §,T], the players cannot trigger an auction. From Lemma 3.1, we

find (XY™ |, A5" ) € UB_; 7y such that
5 3 ’

a,* b,* a \by*
]EA%;M%_l[ a } = essinf IEA ’;%_1[ a }
T— T/5] — T— T/é
/ ACEUIT 5,1y /
AL AL ALE NP
sV s 1(rrb _ 51 b
Erls (U] = esssup BpZs [Ugs).
/\bEZ//[T,57T]

We set A7 | := A7" | @7 A® and /\bz’*_1 = /\bz’*_1 @7 AP
B B 4 4

At time T' — 9, both players can choose whether to trigger an auction or not. Also, they
are indifferent about who actually triggers the auction. If one of the players triggers an

auction the values become

LG s+ gi(T — 6, N§_s, Nb_s) —Lb_ s+ gi="(T — 6, N¢_s, N2 _s)

( T—-0+h ’ T—0+h )

Otherwise, if none of the players triggers an auction, their values are

a,* b,* a,* b,x
)‘T_l’)‘T Xp~ DA

(Er7s

o [U/5], ETEcSl, o [Uz5]).
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So each player compares the two possible values (i.e. the two possible mean payoffs) and
triggers an auction if and only if it is beneficial to him. Consequently, if the following

condition is satisfied:

E 3 g_l[ 0 ] < LG 5 +9a™ (T=0,NG 5N} _)
T—46 T/é T—6+h
A% b b fiest b ’
E PR ! [Ub } > —Lp_ 549, (T—6,N¢_5,N7_5)
T—§ T/S T—6+h ’

then none of the players triggers an auction and we set

a,* b,* a,* b,*
ALF A AL A

—1 -1 a T_4 -1
(Ufss-1,Uppsr) = (Br"5 7 [Ugys)] Brs ° 7 [Ugys))

and
=T
Otherwise
( a Ub )_ (LaT—5+ggrSt(T_‘SvN%—st%—&) _L%—a‘f'ggm(T_‘SvN%—&’N%—s))
T/5-10YT/5-1) = T—5+h ; T—5+h 7

in which case the players trigger an auction at 7' — ¢ and so

Then we iterate the procedure to build U* and U and (7%, A%*), (7*, A\b*) at any discrete
time: using again backward induction, we can show that there exist two functions gi and
gk such that Up = gi(kd, Py, Lis, Lis, Nis, Nis) and Uy = gp(kd, Py, Lis, Lis, Nis, Ni),
for every k € [0,7/5]. It is indeed true for k = T'/§. Then, using a result from

( ), we have that if this property holds for some k € [1,7/4], it also holds for
k — 1. This allows us to apply the previous methodology and find appropriate (A7, )\Z*)
on each interval. As a result (7%, A%*), (7*, \>*) is an OLNED. This backward induction

is summed up in Algorithm 1 in Appendix D.1.

Existence of an OLNED. The following theorem formalizes this procedure.

Theorem 3.1. Let U, Ub, \** \>* be defined by the backward induction in Algorithm 1
in Appendiz D.1 and set

: L% +gl"" (16,Njs N —Lbs+gl ™ (16, N N}
T = 51nf{l € [0,T/8], Up = =5 16(—|—h LR Up = —u gbwih fs:Nig) |

18



Let \v* = (®le[[07T/6_1]] A @ A and A0+ = (®le[[07T/5_1]] /\?*) ®r+ AV, Then, the pair
of controls ((7*, \**), (7*,A\>*)) is an OLNED. In this case, U¢ and Ul are the values of

the discretised game for Player a and Player b respectively, i.e.

a b
. La —I'_Ca —I— NT,T+}’L(N7('L,T+}'L7NT,T+}L)
Ug=  inf BN [ K
0
reeTd A€l [ T+ h }
where T = T* A T and
Nb_ (N®_ —Nb _ )
Cun rb _Lb _ Cb _|_ T, 7+h T, 7+h T,7+h
Ub = sup EMTA [ T aue K }
0=
TheTEp AbeU T+h
where T = 7% A 7.
Proof. See Appendix C.1. m

Remark 3.4. Note that the condition n = ng = 0 is sufficient but not necessary to

obtain Theorem 3.1. A weaker condition is actually g{mt = gseeond = gsim for i = a,b.

Note that at each time kd, k € [0, %— 1], the players deal with a 2 x 2 game in which they
decide whether or not they trigger an auction. The values of this game are represented

in Table 1.

b )
a stops continues
Sto 5 (LZ5+92TSt 7Lz§+g£1rst) (L26+g(f;1rst 7L25+g£lr5t)
1% ko+h °  koth ko+h 0 koth
* |\ D, % a,* \b,x
; Listga™ —Ljs+op™" ATAR a A b
continues | (Zism— ) (B [U k+1] B [U k+1} )

Table 1: Cost/gain for Player a/b depending on whether Player a/b stops or not the
discrete game played at time kd.

The choice dictated by the algorithm implies a Nash equilibrium for each of those 2 x 2
games. In this setting, the existence of a Nash equilibrium in the general case (without
imposing 7 = fiy, = 0) is much more intricate to get. However, we can obtain such result
if we consider randomised strategies. This leads us to the notion of randomised discrete

stopping times as explained below.

3.2.3 General case: randomised discrete stopping times

We now consider the general case. The procedure used to build a Nash equilibrium in

Section 3.2.2 can be adapted to construct a Nash equilibrium in the general case. This
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can be done if we look for generalized stopping times instead of classical stopping times.
We refer to ( ); ( ); ( ) for

various optimal stopping problems dealing with this kind of stopping times.

Informal derivation of a mixed Nash equilibrium. Right after 7'— ¢ and until T,
the situation is the same as in the case where n = n,, = 0. The players cannot trigger
an auction so they play a Nash equilibrium (with no stopping allowed) until 7. In that
case, their values right after T'— 0 are (E;a_(;’\b[ %/5},152:’}:1_’;’)‘&* [U:l;/a}). At time T — ¢,
they are allowed to trigger an auction. The payoffs depend now on which player triggers

an auction.

e If Player a triggers an auction and Player b does not, the values are

L s+ gi™"(T — 6, Nf_s, Nj_s5) —L%_5+ gieo"(T — 6, N§_s, N:?—a))
T—6+h ’ T—05+h '

(

e [f Player b triggers an auction and Player a does not, the values are

LG s+ g (T — 6, N§_s, Nb_5) —Lb_ s+ gi™"(T — &, N§_s, Nb_s)

a

( T—6+h ’ T—0+h )

e If both players trigger an auction, the values are

LY s+ gi™(T — 0, N¢_5, Nb_5) —L5_s+ gi™(T — 6, N{_s, N2_s)

a

( T—-0+h ’ T—6+h )

e Finally, if none of the players trigger an auction the values are
)\a,*7)\b,* a )\a,*’)\b,*
(Er 5" [Ufss] By s [Uzys])-

Contrary to the previous case, there is some advantage to gain when the other player
triggers an auction. Let Piz,l = 1 if Player ¢ = a,b triggers an auction at 7" — ¢ and 0
&

otherwise. For p% | fixed, p%_, must be a minimiser of
5 Fi

sim first

LT s+, b LT s+ 9,
“T-5 " Ja 1 — T * Ja
A R A G € oy e

P ey,
+ (1 - p)pb%,lTT_W +(1—p)(1— pb%,l)ETfa " U]

pe{01}— ppi,
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while for p7 | fixed, % , must be a maximiser of
5 5

_Lb + gsim _Lb + gsecond
€{0,1} — p% p—IL=8 " Ib e (11— T—6 b
p el = v ()
—Lh 5+ g XA

+ (1= ph ) + (1 =p5 ) =p)Ers T [Ugys)-

T—-0+h

Such optimisers might not always exist or might not be unique (in the sense that we
would have to decide who triggers the auction). However, both players can always find
probabilities of stopping p® and p® in [0, 1] such that, if Player b triggers an auction with
probability p®, the optimal probability of stopping for Player a is p®, and conversely, if
Player a triggers an auction with probability p®, the optimal probability of stopping for
Player b is p°. Additionally, it is often more natural to consider probabilities of stopping,
in particular in the frequent case where both (p% p°) = (1,0) and (p*,p®) = (0,1) are
possible pure Nash equilibria. This describes a mized Nash equilibrium and simply cor-

responds to a solution of the convexification of the above problem.

There are multiple equivalent notions of random times which stop according to some
probability. We use here the notion of mixed stopping times of ( ,

) to build our probability space.

Definition 3.4 (Generalized stopping time). A generalized stopping time is a measurable
function p : Q x [0,1] — [0,T] such that for A-almost every r € [0,1], where A denotes

the Lebesque measure, the function w — p(w,r) is a stopping time, i.e. p(.,r) € Tor.

Our probability space then becomes (€2 x [0,1] x [0,1],P® A ® A) where the first exten-
sion characterizes the randomiser of Player a’s stopping time and the second one that of
Player 0’s stopping time. Let 0 < s <1 < T. We denote by T, the set of generalized
stopping times with values in [s,t]. If s/6 € N and ¢/0 € N, we also denote by 7;ng the

set of generalized stopping times with values in [s, t].

We also extend the definition of Nash equilibrium in this framework.

Definition 3.5 (Mixed OLNE and mixed OLNED). Let x € Ry x N XN xR x R. We
say that (7%, A2%), (0%, X0%)) € (Toip x U) x (Tgp x U), resp. (762‘} X U) x (76*7? xU),
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1s @ mized OLNE, resp. mized OLNED, if it is a solution to the game

( N¢o zaypANza zaqp N¢o zaypANza zaqp
B AR [Lga i — } — inf RN [Lga R —
Fath €Ty, Fath
, el I
—Ib —Cb 4+ N zbn DNz 264 —Ib —Cb 4+ Neb oy ANr0 7040
EXL*’/\IM* |: Fb auc K i| _ sup E}\a,*’)\b |: 7b auc K
7P+ h eT 7+ h
\ Aoeu
resp.
‘ Nfo -0, ANza sa Nfa -0, ANza sa
a a 74 Fa4p Fa 7A4+h a a a Fa4p Fa,7A4+h
E)\a,*’)\b,* |:L7~.a + Cauc + = K ] o lnf E/\a’/\b,* |:L7:a + Cauc + C K
7t h ) 7+ h
\ xeell \
_Lb B Cb n N;.b,;.bJrhAN%b,ﬂ"bJrh —Lb B Cb n N—Fb,f-bJrhAN‘Fbv’:bJrh
]E/\a,*)\b,* |: b auc K = sup ]E/\a'*,kb |: 7b auc K
=5 =
7% + h Tbe%f,qu, T + h
\ Abeu
with 74 = 7@ A 0%, 70 = 79* A 70 7 = 79F A TH*
. RPRARA * a b Ta 7bY _
and where E[-] := E -|(Py, N§, Ny, L, Lg) = ).
It is known (see for example ( ); ( );
( )) that our notion of generalized stopping time is equivalent to the notion

described in the informal derivation of a mixed Nash equilibrium above, where, at time
t, each player stops with some probability based on the information F;. In particular, we
can build a mixed OLNED using the same algorithm as in Section 3.2.2, see Algorithm
2 in Appendix D.2.

Existence of a (mixed) OLNED. More formally, the following theorem based on the

backward induction above provides the existence of a mixed OLNED.

Theorem 3.2. Let

(., r) =0 inf{l e [0, T/o], 1— Hig:o(l —pf) > r)}
o (r) =6 inf {1 € [0,T/8], 1 = [[,_o(1 — 1) >7)}

where p® and p® are the discrete Fi-adapted processes given by Algorithm 2 in Appendix
D.2. Let \* = QN )iepo,r/6-1] R A and \o* = ®(>\?’*)leﬂ0,T/5—1]1 R S\b, where the
quantities on the r.h.s of the equalities are also given in Algorithm 2 in Appendiz D.2.

Then the strategies (7%, \%*), (7%, \b*)) describe a mized OLNED.

Proof. According to ( ) and ( ), optimising over

the set of generalized stopping times is equivalent to optimising over the set of adapted
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processes p® and p® describing the probability to stop at each discrete time. Then Theorem
1 in ( ) gives a way to build the generalized stopping times from
the probability processes. The rest of the proof is similar to that in the pure case and thus
follows the proof of Theorem 3.1. The only difference is that the players must play the
game of Table 2 when choosing whether to stop at k0 or continue playing until (k+ 1)d.

b .
a stops continues
StOpS ( LY s+gam _Lzé—i-gzlm ) ( Lgé_;'_ggrst _Lzé_i_gzecond )
Roth °  koth ko+h 0 ko+h
. e +gsccond be +gﬁrst )\a,*’)\b,* )\a’*,)\b’* ;
k§ ~ Ja ks 9p K Mk a “EN
continues ( kd+h ko+h ) (Ek6 [Uk:+1j| , Ek’é [UkJrl] )

Table 2: Cost/gain for Player a/b depending on whether Player a/b stops or not the
discrete game played at time kd.

Thus, at time k4, p¢ and p? are defined as solutions of the following linear optimisation

problems. For p? fixed, Player a chooses

sim first second

b Zé—i_ga 26+ga %5+ga
ko T Ja by Zké T a4 o R

a,* b,*
AR AL

+ (1 —p)(1— p)E% U] },

py € arginf
pe[0,1]

while for p} fixed, Player b chooses

_Lb + gsim _Lb + gsecond _Lb + gﬁrst
b a ks T b a ks T b a ks T b
€ argsu { ——— +pi(1l - + (1 - — =0
Pi € arg SUp \Pp— iy Pl —p)— (L =rr— 5,
)\a,*VAb,* b
+(L=pR) (1= p)E ™ (U]}
From classical results, see for instance ( );
( ), we know that the two problems above can be solved simultaneously®. Solving for
a mixed equilibrium yields the following result:
( La _;'_ggrst )\“7*7)\177*
o= i — B 7 U]
k — i a,* b,x
Le +gsim Lo +g§rst Lo +g‘slecond AT
o kISzSJrh + kli6+h + k5k6+h B Eklg * [Ulg-i-l]
(9)
,Lb +gﬁrst )\a,*’)\b,* b
pb _ wahb — B " [UkJrl]
k— b sim b first b second a,* ybyx
—Lb +g —L}s+g —Lis+g AR A b
( ——h e T e B 7 (U]

31t would no longer be the case in general with p € {0,1}, i.e. with pure stopping times, although it
works if n = ng, = 0 as we have seen before.
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and one can easily verify that the denominators are non-zero and that these values are

in [0, 1] when there is no pure Nash equilibrium. O

Remark 3.5. The notion of probability of stopping is quite convenient for numerical
computations as we can compute the value functions and the strategies by dynamic pro-

gramming.

3.2.4 Existence of e-OLNE

In this part, we explain that the previously introduced OLNEDs (see Definition 3.3) pro-

vide good approximations for OLNEs (see Definition 3.1), in the sense of e-Nash equilibria.

For technical reasons we need to slightly modify the definitions of C%, . and C?  replacing

auc

0?7 and v°7 by [v*r — 3] and [v’7 — 7. All the previous results could be proved in this

slightly modified settmg. This assumptlon is crucial in this section as it enables us to

55 € N, the functions g“t ¢"Sim for i = a,b take the
same values if we replace t by [31 5. This will be a key element in the proof of the next

theorems.

Theorem 3.3 (OLNED and e—~OLNE). Let § > 0 and ((7% A*), (%, ")) € (Tgp x U) x
(Td X U) be the strategies associated to a pure OLNED starting at O with time-step §.

Let € > 0. Then, for § small enough such that 5o € N and 2vb6 e N,

" LCL _I_ ga b b La b + S(Z b
E)\ AP TanTh AT - inf E)\’/\ TAT TAT 44
[ TEATY 4+ D } ~ reTor U [ TATC+h }

b
L TAATD + 67’“/\7’ } > sup E)\a,)\[ L?’“/\T + 57'“/\7'
TEAT +h 7 T e paeu TCNT +h

E}\a’)\b[ j| —c— 617

e =4 sup BN A [sup max ( max(g™(t, N2, N?), gseond(t, N¢, NP)) — gl mst(¢, N¢t, N}),0)]
AeeU \beu [0,T7]

eb=1 sup ENA[supmax (¢f (¢, N¢, NP) — min(gg™(t, N&, NP, gieomd(t, N¢, NP)),0)].
Aaeu, \beu [0,7]

Proof. See Appendix C.2. O]

Also, this theorem extends easily to the case of mixed OLNEs and mixed OLNEDs.
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Theorem 3.4 (Mixed OLNED and e—mixed OLNE). Let § > 0 and ((7¢, \%), (75, \?)) €
(76211 X U) x (76*:,51 X U) be the strategies of a mized OLNED starting at 0. Let e > 0.

Then, for 6 small enough such that ﬁ e N and ﬁ e N,

a1 Lo ns + €% . L +&7
E> ,)\b[ TapTh 57’ /\‘rb] < inf E)\,)\b[ TATY 57'/\7'5} Lt el
T A 7-b + h Te%’iT,)\EZ/{ TN Tb -+ h ( )
10
a _Lba ba a _Lba ba
E}\ 7)\b|: TaATD + 57- /\Tb:| 2 Sup E}\ ,)\[ TANT + 6’7’ /\’7':| —c— E;b,
TENTE + R T pAEU TOANT+h
Proof. The proof is the same as the proof of Theorem 3.3. u

In practice and in our numerical experiments, the constants €* and € are negligible and
very often zero. This is because they are non-zero only when there is an advantage in
triggering the auction right before the other player. This is typically not the case, unless
the player triggering the auction benefits from n to execute a large target volume that

he could not fully do within the auction because of its bounded intensity.

Remark 3.6. The condition on § is only technical and ensures that the changes in the
targets happen on the same grid as the optimisation (with mesh o). This condition would

actually not be required if the targets followed, for example, Poisson processes.

4 Numerical results and assessment of ad hoc auc-

tions

In this section, we provide numerical results enabling us to draw conclusions on the
relevance of ad hoc auctions compared to CLOB and periodic auctions. We also discuss
some implementation details. The value functions shown are multiplied by 10° for more

readability.

4.1 Sub-game values depending on players’ positions at the auc-

tion triggering

First we show how the value of the sub-game played during the auction phase varies with

the parameters, for Player a and Player b. From now on we take K = 10,v* = v* = 0.1.
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4.1.1 Effect of the amount traded before the auction

We fix h = 30s and plot the value of the sub-game & as a function of N¢ — v*r, for
various values of N?, with N = 0 and N? — v*7 = 0 (see Figure 1, left side). First
we notice that these graphs are increasing with respect to N{, which is obviously not
surprising. The effect of N{ gets more important as N} — v®7 becomes larger. This is
because in such situation, Player a is already in advance regarding to his target. A large

N¢ implies that he is even more in advance and gets penalised via the objective function.

Looking at the graphs for fixed N¢, we see that the best context to trigger an auction is
when N — v is close to zero and actually slightly negative. In that case, Player a can
launch an auction without overshooting his target at the end because of the mandatory
volume N¢. Moreover, we note that {2 is large when either N —v®7 is large, since Player
a is penalised for overshooting his target, or when N? — v*7 is too small, since Player a

has to send a lot of orders during the auction, which makes the price increase.

Next we plot £ as a function of N? — vb7, for various values of N?, with N = 0 and

N — v = 0 (see Figure 1, right side). We notice that & is always increasing with

b

respect to N® — v®7: the more Player b trades before the auction in comparison to his

target, the less he trades during the auction, and the higher the final price of the auction

b is too large,

is. In addition to that, £&* converges when N’ — vt — 4o0: if Nb — v
Player b stops trading completely and if N° — 7 is too small, Player b would rather pay
some penalties than send too many orders during the auction leading to a bad price since

Player a is at equilibrium when the auction starts.

_//—_ 2 =
50000 500 —————————————— N =0
N =2
40000 400 — Ni =8
— N2 =10
30000 300 N? =16
20000 200
10000 100
0 0
-100 -50 o 50 100 -100 -50 0 50 100
N2 —\er NE— W

Figure 1: On the left, £ as a function of N} — v®r, for different values of N¢, with
N} =0, N? — o7 = 0 and h = 30s. On the right, 2 as a function of N? — vb7, for
different values of N, with N =0, N — v*r = 0 and h = 30s, ¢ = 0.1.
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4.1.2 Impact of the risk aversion parameter and of the auction duration

We investigate the effect of the parameter ¢ which is the factor for the penalties received
by the players for not reaching their trading targets and of the auction duration. We
first consider ¢ = 0.1 and plot on the left side of Figure 2a £ as a function of h, for
N# — v = NP —vP7 = 0, N% = 0 and for multiple values of N¢. On the right side of
Figure 2a, we display £ as a function of h, with N® — v%r = N’ — b7 =0, N¢ =0 and

for multiple values of N%. In Figure 2b we fix ¢ = 0.01 and in Figure 2c ¢ = 0.001.

We see in Figures 2a and 2b that £2 = 0 for h large enough, which is no longer the case
in Figure 2c. This is because when the commitment to the target is severe, over a quite
long time period both traders send on average the same number of orders as v® = v’
and the effect of N¢ or Ni vanishes. We also observe that too short auctions may create
some kind of arbitrage opportunities: the trader who triggers an auction is committed
to trade at least a given volume. The other trader might choose to trade less to take
advantage of the price imbalance in the auction, as the penalty he will have to pay will
not be too large. Let us take the example of h = 20s. In that case, the target is two lots
for both Player a and Player b. If Player a triggers the auction with N¢ = 4 then Player
b will put a volume of 2 in the auction meeting his target or perhaps even less (volume
of 1) meeting partially his target but benefiting from price impact. Such phenomenon is
magnified in a situation as in Figure 2c¢ where the target commitment is very weak. In
that case, both players try to benefit from price impact leading to a game where they
both put smaller volumes than their target. For example, we see that the effect of the
initial volume N{ = 1 vs N{ = 2 takes more than 80 seconds to vanish in Figure 2c,
although the target is 8 lots for 80s. This means that between 0 and 80 seconds, both

investors play strategically to benefit from the effect of volume imbalance on the clearing

price.

This shows that the duration of the auction should be large enough and related to reason-
able practical values for q. Considering the auction duration helps to convey information
to market participants, it should also probably depend on the deviation between the
previous clearing price and the best offer price in the order book at the beginning of
the auction. The larger the deviation, the longer the duration of the auction. Accurate

duration calibration is left for further research.
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Figure 2: £ as a function of h, with N® — vo7 = 0, N° — 0’7 = 0. On the left, we fix
N_’; = 0 and consider multiple values of N{. On the right, we fix N¢ = 0 and consider
multiple values of N?.
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We use the results of this section to choose suitable parameters for our study of the entire

ad hoc auction in the next section.

4.2 Assessment of ad hoc auctions

We now investigate the whole mechanism of ad hoc auctions and compare it with the
classical CLOB and periodic auctions. We use Algorithm 2 of Appendix D.2 with a small
timestep § = 0.05s and write V* for J(., (7%*, \%*), (9%, \»*)) for ¢ = a, b.

4.2.1 Choice of the parameters for the simulation study

The values for v* and v* will be of order 0.1, so we expect roughly 2 trades every 10
seconds, which corresponds to the case of reasonably liquid assets. We fix T' = 100s so
that T is large compared to the average time between trades. We take ¢ = 0.01, ~h = 20s

and n = ng, = 3. The justification for the relevance of these parameters is the following:

e We have 7 > (v*Av®)h. This ensures that transactions occur both in the continuous
and auction phases. As a matter of fact, if 7 < (v A v°)h, the triggering cost for
an auction is quite negligible with respect to the target amount within the auction.
We numerically observe that in that case, investors do not use the continuous phase
and trade only in the auction phases, which means that ad hoc auctions are reduced

to periodic auctions.

e Consider an auction triggered because both players are slightly behind their targets
so that one of them, say Player a, triggers the auction and both should trade 3 lots
during the 20 seconds. Then, suppose that Player b tries to benefit from the price
impact and trade only 2 during the auction instead of 3. Under these parameters,
the price impact benefit of Player b (which is equal to 2 x 1/K) is exactly the cost
paid for not meeting the target (which is equal to gh). Hence from the investors’
viewpoint, these parameters correspond to reasonable balance between trading costs

and target deviation penalties.

4.2.2 Effect of 7 compared to v* and v®

Here we replace ny;, by a random variable which is so that if there is simultaneous trigger-
ing, it is attributed to Player a or Player b with probability 1/2 and a volume commitment

equal to 3. We plot in Figure 3, Figure 4 and Figure 5 the values of the game at the
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origin and the average duration® of the continuous phase at time ¢ = 0 for different values

of v* and v°.

Figure 3 : supply and demand of similar order. When v* = v® = 0.1, the average
duration of the continuous phase is 21 seconds if the initial trading price P is equal to F;.
We observe that we obviously get a symmetric average duration of the continuous trading
phase with respect to the sign of P — P*. The average duration of the continuous phase
is maximal at P = P*, then decreases and becomes stationary. This can be explained
as follows: if P is close to P* and because of the symmetry of P*, locally around ¢ = 0,
we expect to have oscillations of P* around P so that either Player a or Player b can
trade with the market maker. If P* increases (resp. if P* decreases) significantly beyond
P, Player b (resp. Player a) is likely to start an auction since his probability to trade
with the market maker in a short amount of time becomes smaller. Although he can
trade, the other player may also wish to trigger an auction, as his trading price becomes
very unfavourable. So we see that ad hoc auctions ensure that the trading price does not

deviate too much from the efficient price.

The plots of V¢ and V? in Figure 3 are not even functions with respect to P — P*. To
explain it, take for example the position of Player a. If P > P* he can buy and launch
an auction while if P < P* he can only launch an auction. Consequently, the situation
P > P* is somehow more acceptable for him. We recall that as Player ¢ minimises and
Player b maximises, the value functions are symmetric with respect to the origin. We also
see that for Player a, there is a large peak of the value function when P — P* is slightly
negative and only a small downward bump when it is slightly positive. This means that
for Player a, there is much more to lose when Player b can trade with the market maker

than to earn when he can trade with the market maker. This will be also confirmed in

Table 3 below.

Figure 4 : demand higher than supply for small investors. When v* = 0.1 and
v’ = 0.05, Player b is better off than Player a. When P > P*, Player a can trade with
the market maker hence reducing the imbalance with respect to the volume of Player b.
Player b will typically not immediately trigger an auction because of the quite significant

entry cost of the auction n = 3. This explains the quite long duration of the auction

4In fact we only compute a proxy of the average duration. The computation details are given in
Algorithm 3 in Appendix D.3.
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Figure 3: Values of the game and average duration of the continuous phase, at time ¢t = 0,
as functions of P — B}, with v* = v* = 0.1.

phase in this situation and the downward peak of the value function of Player a. When
P — P* is negative, Player b can trade with the market maker which could lead to an
even larger imbalance from Player a’s perspective. Thus we expect Player a to trigger
the auction in that case explaining the short length of the continuous phase and the flat
behaviour of the value functions on the left of 0 (whatever P — P* < 0, Player a will

trigger an auction).

Figure 5 : supply higher than demand for large investors. When v* = 0.1 and
v’ = 0.15 the situation differs significantly. When P > P*, as previously, Player a can
trade with the market maker, which improves even more its imbalance position with
respect to the volume of Player b and it is particularly interesting when P is only slightly
larger than P*. In that case, Player b rapidly triggers an auction to prevent Player a from
trading. Note that contrary to the previous situation, the entry cost is not prohibitive
here for Player b as v* = 0.15. When P is significantly larger than P*, the price becomes
too bad for Player a who stops trading. Then a gaming situation occurs between the two
players explaining the delay before one of them triggers the auction. Regarding the value
functions, the peak of the orange graph is explained by the fact that it is very interesting

for Player b to trade with the market maker to reduce his imbalance with respect to the
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Figure 4: Values of the game and average duration of the continuous phase, at time t = 0,
as functions of P — P, with v* = 0.1 and v* = 0.05.

volume of Player a (who may be reluctant to trigger an auction as v® is not very large).

—2000 A

—4000 1

—6000 4

—8000 1

Value functions (10°9)

—10000 4

—12000 A W

-0.8 —0.6 -04 -0.2 00 02 04 06 08

1

5

Average duration (s)

Figure 5: Values of the game and average duration of the continuous phase, at time t = 0,
as functions of P — Pg, with v = 0.1 and v* = 0.15.
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4.2.3 Comparison with periodic auctions and CLOB

We finally provide the value functions and average durations in the case of ad hoc auctions,
expensive periodic auctions (2 = 3 and no trading allowed in the continuous phase),
inexpensive periodic auctions (7 = 1 and no trading allowed in the continuous phase)
and CLOB. In the case of CLOB, the players trade only with the market maker and pay
1/K for each trade. The average duration is then defined as the average time between

two trades and the value as the amount paid per unit of time. The results are shown in

Table 3.

Ve (1e-6) Average duration
h =20, h =20, h =20, h =20,
Market design n o= n=1 | CLOB n=3 n=1 | CLOB
continuous trading allowed Yes No No No Yes No No No
v =0.1, " =0.1 3685.6  384.6 0.0 10000.0 | 21.3s  6.0s 0.0s 10.0s
v® = 0.05, v* = 0.1 392.8  -6666.7 | -5000.0 | 5000.0 | 33.3s 10.0s | 0.0s 20.0s
v® = 0.1, v* = 0.05 7800.0  11606.7 | 10000.0 | 10000.0 | 33.3s 10.0s | 0.0s 10.0s
v® =0.15, v* = 0.1 9397.9  8680.0 | 10000.0 | 15000.0 | 9.0s  5.0s 0.0s 6.7s
v®=0.1, " =0.15 -2841.8 0.0 0.0 10000.0 | 9.0s  5.0s 0.0s 10s

Table 3: V* and average duration of the continuous trading phase for different values of
v® and v® with ¢ = 0.01.

We notice first that, if continuous trading with the market maker is allowed, the average
duration of the pre-auction phase is longer. This is because both players try to trade with
the market maker if possible in order to push the settlement price of the next auction in

their favour.

If v* = v* = 0.1, Player a prefers the case where there is no continuous trading. This is
in agreement with our interpretation of Figure 3 since Player a has much more to lose
when Player b can trade with the market maker than to earn when he can trade with the
market maker. Moreover, if the triggering volume is small (1 = 1), the probability of the
auctions to be balanced is large and the player who cannot trade with the market maker
triggers an auction quickly. The case n = 3 provides an intermediary between periodic

auctions and CLOB in terms of value functions.

If v* and v® are small and asymmetric (either v = 0.05 and v* = 0.1 or v* = 0.1 and
v? = 0.05), we observe that the player with the larger target benefits from ad hoc auc-
tions. We explain this as follows: if the larger player can trade with the market maker,

he is able to liquidate his temporary surplus at a low cost with the market maker and so
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suffers less from price impact in the auction, which is more balanced than in the situation
without continuous trading. In this case, it is too costly for the smaller player to trigger
an auction since n is too high compared to the target 0.05. The larger player is thus the
first to trigger the auction if the price becomes too unfavourable, in a way signalling to
the smaller player that it is preferable to trade at the forthcoming auction instead of at
the clearing price. Otherwise, if the smaller player trades with the market maker during
the continuous trading phase, the larger player triggers the auction to protect himself
from an excessively unfavourable price at the auction. The smaller player benefits from
information leakage/market impact generated by the larger player, while the larger player
uses his informational advantage of being the larger player by capturing mistimed lig-
uidity from the smaller player. In both cases, the larger player is the one triggering the
auction and benefits from the continuous trading phase. This is in agreement with Figure
4 where V® takes its lowest value for P > P* with P close to P*. In addition, compared
to the case without market maker or with | P — P*| large, the temporary target imbalance
has less impact on the distance between the clearing price and the efficient price. This
is a direct consequence of the surplus of orders from the larger player being absorbed by
the market maker. We consider this an advantage of ad hoc auctions: the clearing price

has less volatility.

We now turn to v = 0.1 and v* = 0.15. As before, if Player a (smaller player) trades
with the market maker, he can liquidate part of his volume but Player b (larger player)
quickly triggers an auction to prevent him from doing so. The larger player can indeed
trigger the auction since n = 3 coincides with his target. When Player b trades with
the market maker, unlike the previous case, the auction triggering cost is reasonable for
Player a. The continuous phase appears as an opportunity for Player a to prevent Player
b from mitigating his inventory since in this case Player a triggers the auction. This is
in accordance with Figure 5 above. Conversely, we observe that the value functions of
Player b are quite similar considering ad hoc auctions or classical periodic auctions. One
conclusion is that for large investors, the smaller one benefits a lot from ad hoc auctions
compared to periodic auctions and CLOB, while the larger one is quite indifferent be-

tween ad hoc and periodic auctions.

The parameter ¢ plays quite an important role since it dictates the probability of an

auction to be balanced out. We refer to Appendix E for the value functions and average
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durations with ¢ = 0.005. For this value of the penalties, auctions are rarely balanced
and the CLOB design becomes more relevant. In this configuration, allowing continuous
trading is always beneficial if n = 3 since it mitigates price impact during the auction.
The value functions are close to those observed with periodic auctions but have the
attractive property of having very long periods of continuous trading: the price remains
constant for a long time while with periodic auctions, auctions are triggered as soon as
someone needs to trade. Also the larger player still benefits a lot from being able to trade

with the market maker.

5 Conclusion

In this paper, we introduce a new matching mechanism for transactions on financial
markets called AHEAD for Ad Hoc Electronic Auction Design. This proposal can be
seen as an hybrid version between continuous limit order books and periodic auctions.
Under AHEAD, market participants trade continuously at a fixed price and can trigger an
auction when they are no longer satisfied with this price or do not find enough liquidity.
This paper offers a quantitative and objective assessment of this new system from an
investor viewpoint. Using the notion of Nash equilibrium, we demonstrate the viability
of the AHEAD design. Furthermore, we show that this mechanism appears superior to
continuous limit order books from a market taker perspective. Compared to periodic
auctions, it is particularly suitable for large participants. They can benefit from the
continuous phases to execute part of their transactions and then enter auctions without
suffering too much from asymmetric liquidity needs with respect to their counterparts.
This also implies a reduction of price volatility at the intraday level. Finally it is found
that AHEAD is also a favourable mechanism for smaller investors provided their trading

trajectories are not too sensitive to auctions’ entry cost.

AHEAD provides a solution taking advantage of the best of both worlds between contin-
uous limit order books and periodic auctions. It is particularly appealing for mid-small
cap stocks and other assets for which market fragmentation is not too impactful. Ac-
curate study of an ecosystem where AHEAD would live together with other matching

procedures is left for future research.
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A Proof of Proposition 3.1

The proof of the existence of an open-loop Nash equilibrium for the sub-game (7) is a
direct extension of the results of ( ) and ( ),
taking into consideration the continuous trading phase, together with a smooth decom-

position of the value function at the optimum.

We focus on the dynamic programming principle (8). We follow the same argument as

in ( ) Proposition 6.2 or ( ) Lemma A.4.
a a _nb
First, let us write x* := C%,. + NT’T+h(NT’}(+h Mersn) From the definition of an OLNE, we
have
a o [LE 4+ X
Jx 7 Ta,*’)\a,* 7 Tb’*,)\b’* — inf E)\ b |: T i|
(72, X0 (7 N0 = it BN [EEC

Using the tower property we get

L + By

J (o, (T, A9), (0%, A7) = inf EA A" [ p—

AE€U[, 7]

(11)

Moreover applying Bayes’ formula leads to

P )\b * AO )\0 \I];‘_:z;;b’* A Afy*T-Q—h] 'ua A?*T‘Hl] 12
JAT? al __ , al __ i, a : 7, a
B2 I = Ep [\Pia,wx | =E- ] = joSpinf e 4. (12)

Therefore, using both (11) and (12) we obtain

L?+§?}

a a,* )\a,* b,* )\b,* > . f E)\a’)‘b’*[
J (x(]?(T ) )7(7- ) )) m T h

ACEU, 1]

(13)

Conversely, let \* € U and p* € Uy pin. Recalling the definition (A ®; p®), =
MNely<r + 1ol oy, we get that \* @, p* € U and

J@L(xo7 (7_(1,*7 )\a,*)’ (Tb’*,/\b’*)> S Ja(x[)a (Ta,*7)\a ®7’ Iua)’ (Tb’*, )\b,*))
— FA @t AP [L? + Xa]

T+h (14)
a Ae® ua})\b,* a
_ E)\a(g)Tua’)\b,* |:LT + ET T [X ]:|
T+ h
. WAa@Tﬂa’Aby* a )\b,*
Thus, remarking that W = \I/‘T"T’ " n » we deduce
b,*

a a * a 5 ¥ a7A i
B 1] = B0 [ e ] = T,
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Using Lemma A.3 of ( ) (extended to stopping times), we can build a

sequence (p)nen such that
%’)\b,*
B0 g (15)

By the monotonous convergence theorem together with (14) and (15), we obtain

T4 (@, (72, X0), (7 X)) < i BN

LT+ fﬁ}
T ACEU, ’

T+ h (16)

We can prove similar results for Player b. We conclude from (13) and (16) and the cor-

responding inequalities for Player b that the dynamic programming principle (8) holds.

Finally, let ((7%%, A»*), (7%*, A\>*)) be an OLNE. Then, from Definition 3.1, for any \* € U
we have

T (o, (7, X%7), (757, A™)) < T (o, (777, A, (777, A7), (17)

Assume that there exists u® # A7, , such that

a \b,* a a _ b a,* b,* a a _ b
1A [ o N en(Nern = Nopi) Moo rran [pa | AV rren(NE i = N2
ET Cauc+ K < ET Cauc_l— K
Then ,
J% b,* a a _
a )‘FT,THL] 7)‘[T,T+h] a NT,T-i-h(NT,T—i—h Nr,7+h)
ET < ET Cauc + K .
Let A* € Ujp,;, we have
)\a,* )\b,* Na (Na 7Nb )
T, T+h]" [T, T+h T,T T, T T, T
b Lo+ éa A b g + ET[ +h]" [, T+h] Cguc + +h I;—h +h ]
o[B8 o | |
[ T+ h ] T+h
Therefore
a a
inf  EAA [Lr - 57}
AE€U[, 7] T4+ h
)\a,* )\b,* No (Na —Nb )
a [T, T+h] " [r,T+h] a 7, 7+h\""17,74+h T,7+h
inf E)\a 2D LT + E- Cauc + K }
< o |
)‘aeu[o,r]) T “I'_ h

AL ce<rin=(A[ )t

Using the dynamic programming principle (8) together with (17) we deduce

Ja(x07 (Ta,*’ /\(1,*)7 (Tb’*, )\b,*)) < Ja(l’g, (Ta,*7)\a,*)7 (Tb’*, )\b,»k))7
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leading to a contradiction. We have a similar result for Player b. We conclude that

()\?T’*T hp )\I[’;*T L4)) 18 an open-loop Nash equilibrium for the sub-game (7).

B Existence of an OLNE for [0,7]—valued stopping

times: a verification theorem

We need to extend the results of ( ) and ( ) to include jump

processes and expectations given by non-trivial risk measures.

Following the ideas of ( ), we turn to the definition of the Hamiltonian
related to the optimisation of the players during the auction. For any z € R? and

€as € € [A_, A1], we set

)\Z(Z, Ea) :1z1>0)\— + 1z1<0)\+ + 1z1:D€a
/\Z (Z’ eb) :1z2<0)\— + 122>0/\+ + 122:0612-

As 21 N\i(z,¢,) and 200 (2,€) do not depend on €, and €,, we simply denote them by

21 A5 (2) and 29} (2). For any z,Z € R? and any € € [A_, A\{], we set
Hm*(p*u 2 27 6) :1p*<le/\2<Z> + 1P*>P22)\Z(27 6)
H"*(p*, 2,2, €) =lpsp2adi(2) + Ly cpzi N5(Z, €).
We define for any j € {a,b}
o L7 from [0,T]x Rx NxNxR xRt xRt xR xR x[A\,\]into R by

1

Ej(tvp*v na7 nbv dt7 d27 ‘ga’ gba d7 CZ7 6) = dt+2

o*dytq Y (v't—n') 0+ H (", d,d,e),
i€{a,b}

where (t,p*,n% nb, dy,dy, 0%, 0°,d,d,€) € [0,T] x Nx Nx R x R x R x Rt x R x
R xR x [A_, Al

e the function GY from [0,7] x R x R x N x N into R by

B ﬁjlj + g}irst(t’ na’ Tbb)

GI(t, 17, n* nb) T h ,

Where ﬁ] = 1j:a — ]-j=b-
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e for any map U : (¢,p*,1%,1°,n* n®) € [0,T] x Rx Ry x R, x Nx N — R, the

domains
I(U) = {(t,p*,n%n1%1°) €[0,T) x Rx Nx Nx R xR, 3,G' > ;U},

orI(U) = {(t,p*,n*,n’,1°,1") € [0,T) x Rx Nx Nx R xR, G/ =U}.

together with its derivative operators

DU (t,p*,1%,1°,n® n®) = U(t, p*, 1 + (P — p*),1°,n* + 1,n°) — U(t,p*,1%,1°,n* n)
DbU(t,p*,1%,1°, n®, n)

Ul(t,p*,1%, I+ (p* — P),n“,nb +1)-U(t,p, 1% lb,n“,nb)
DU = (DU, D*U)*.

The quantity DU describes the change in the value of the process (U (t, Py, LY, L2, N&, N}))epo.)
when Player j, j € {a,b}, sends an order which triggers a trade at the fixed price P.
The set IV(U) is the domain on which Player j would rather have a game of value U
than trigger an auction alone (and thus have a game of value G?). The set OT7(U) is the

domain on which he is indifferent. We have the following result.

Theorem B.1. Let V¢ and V?° be two functions of (t,p*,1%,1°,n% n®) from [0,T] x R x
R,y xRy x N x N into R. Assume that there exist two maps €,, €, from Ry x R x Ry x
R, x N x N into [A_, A\;] such that

(i) V¢ and V° are C* in time on [0,T) and in their third (on R) and fourth arguments
(on R), C? in their second argument (on R), and are solutions to the following

variational system:

max{ — Lot p*,n%nb, 0V, 02 Ve 0V, 0V, DV, DV® &),V — Ga} =0 on I*(V?)

7 7pp

1 gseomi4n® %) _ 1 ra b(yb
T =V on OT°(V?)

x b by _ *+gq (T\n%n’)
Ve(T, p*,1%,1°,n% n°) = e

min { — £°(t, p*,n% n’, Vb, 02V, 0.V, 0p VP, DVP, DV g,), VP — G*} =0 on (V)

’ pp

_lb+ second una,nb
% t+h( ) =V on or«(ve)

T a b

k _lb"’_ Tv )
VE(T, p*, 19, 1%, n?, ) = —2xor Cntan®)

(18)
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(”) ggecond S g;slim on 8Fb(vb) and ggecond Z gi)%m on 6Fa(va)‘

Then® (7%, X:(DV®, £,) @, A%), (72, \i(DV?, &) @, AY)) is an OLNE in the sense of Def-

wmation 3.1, where

7% =inf{t >0, (t, Py, L% L2, N NP) € oT*(V*)}
" =inf{t >0, (t, P, Lj, L, N, NY) € ar°(V0)}.

Remark B.1. The differentiability conditions are very strong. In a non bang-bang case,
extending the results of ( ) to the case of jump processes, it is possible to
show that C'-differentiability in the third and fourth arguments is enough if OT*(V*) and
OT*(V®) are Lipschitz surfaces. Nevertheless, note that in Theorem B.1, Condition (i)
15 easier to meet when n = Ny = 0. This is because the stopping domains are allowed to

. . . t .
intersect since for i = a,b we have g™ = gsm = gsecond,

Remark B.2. Suppose that there exists a solution to System (18) and that the players

second
a

first 7& gsecond

play the associated Nash equilibrium. Then, as soon as g™t # g and gy b ,

necessarily we must have

or (Ve nart(vt) = o,

i.e. the two players never trigger an auction at the same time. In practice, we have
glirst £ gsecond g g{jm # gieond if i #£ 0 and h is not too large. Also, note that from our
numerical investigations, it seems that there is no uniqueness for the solution of System

(18).

Proof of the verification theorem B.1. Suppose that the functions V' and V? satisfy the
above conditions with the maps g, and &, and that Player b plays the strategy (7%, \f(DV?, g,)®,
5\”). Using Proposition 8, we see that it is optimal for Player a to play A after T, thus
obtaining £ at 7. For t < 7%, we write

L+

. 2@ )\b,*
Vet = ess inf Ef ™|
T+h

TO*ETL, T A €U T4 1)
On OT°(V?), as t < 7° and because of the definition of 7°, we necessarily have ¢ = 7°. So

Player b triggers an auction, from (i)

@ + gsecond<t’ na’ nb) e + gsim<t7na’ nb)

a a

t+h ’ t+h

) B @ + gzecond<t’ na’ nb)
B t+h

V4" = min(

5Here A and A’ denote the strategies played by Player a and Player b during the auction given by
Proposition 3.1.
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and Player a does not trigger an auction. On I'°(V?), necessarily ¢t < 7°, i.e. Player b
does not trigger an auction. Player a then solves a classical optimal stopping problem.
Standard dynamic programming arguments yield the quasi-variational equality

max { — L(t, p*,n% n’, 0,V,02V,0.V,0pV,DV, DV’ &),V — G*} = 0

? PP

for the value of Player a’s game. We now detail the computation of the generator £*. As
the problem depends only on (¢, P, N, N}, L¢, L%), 1t6’s formula provides the following
expression
L,
8tV + 50‘ 0

2
pp

V+q Z (v't — N}))?0;V +  inf ])\“1P>p;DaV+)\Z(DVb,5b)1p<p;DbV.
+

ATE_A
i€{a,b}

The infimum is reached for \* = \!(DV, &,), for any &, € [A\_, A\;] and
N(DV,E,)1psp: DV + Aj(DV?, &) 1pps D'V = H**(P}, DV, DV’ &),

which gives L£°.

We conclude by using classical verification arguments for mixed optimal stopping prob-
lems (see for example ( ) or ( )). They enable us to show
that necessarily, a classical solution V' of this quasi-variational equality is equal to
the value of Player a’s game and that the optimal controls are given by the minimiser

A" = N(DVe,&,) (for any &, € [A_, A\1]) and the stopping time

7 =inf{t >0, V(t, P, L}, LY, Nf, NP) > G(t, Pf, LY, Lb, Nf*, N!)}
=inf{t >0, (t, P, L}, L°, N* NP) € or*(V*)}.
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C Proofs of Section 3.2

C.1 Proof of Theorem 3.1

We prove by backward induction on k € {%, ...,0} that

- NO (N —nN? )

. AC )\b,* Le4+Ce + T, 7+h T, 7+h T, 7+h
a __ "k T auc K

Ug = dessmf By | —

7€ s, 7oA €Uk, T+h)

_ Nb (N& —nNb )
A&* \b - _b_cb + T, 7+h\ 17, 7+h T, 7T+h
Ub = ess sup By 7 [ i

k ko T+h
Tbendé’T,AbGZ/{[kgﬁT_‘_h]

and that the above extrema are reached for 7@ = 7% = 7, A\* = A" and A’ = \)* with

L first 15. N@ Nb
,7_]: —_ (51nf{l c [[k,T/é]], Ula _ 15 +gal5(+7h 16 lé)

b _L?é + glf)irStaé? Nl%v Nl%)
or Ui’ = 16+ h ’

A= (Ruepeays—y N7) ©r At and A" = (®ieprss—gN™*) ©r A" Applying this
result at k = 0 we will get that (7%, A\%*), (7%, A\*) is an OLNED. For k = T'/§, the result
follows directly from Proposition 3.1. Suppose the result holds for £+ 1 € [1,7/5]. We
show that it holds for k. We thus assume that

b NE (NS L =ND )
Ua . . f E)\GI’)\k:,-&-l [Lf—+cf{uc+ T, 7+h T,ﬂ}:—h T, 7+h
k+1 = €SS 11 (k+1)6 T+h

TETG 1 1y5,0 A €U (k+1)5,T+1]

N @s* NﬂlzT (NgT _NET )
Ub,, = ess su E/\k“’/\b [_Lg_cguﬁ e —
BT Sup (k+1)8
€T G 1ys, 70N U (k41)8,T+1)

T+h

From the definition of A\}"" together with our induction assumption above, we have

)\a,*)\b,*
B 7 [Uil

. Az \b*
= essinf E27 [UR]
Ao €UKs, (k+1)6)

a a _nb
a yb,* Ao b L2 +Ca + NT,T+h(NT,T+h N‘r,‘r+h)
—  essinf RPN ess inf E o [— K ]
ATeY, ko acTd Y U (k+1)5 T + h :
k SU[kS,(k+1)6] ThE (k+1)8,T° k41U [(k+1)8,T+h]
(19)
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We aim at showing that

a a b
Ao \b- \a La 4o Nr,r+h(Nr,r+h_Nr,f+h)

essinf  E F7* [ ess inf ]E(,f;) ’““[ aue K H

AL EURS, (k+1)8) TYET (h41)6, 7N g 1 EU(k+1)8,T+h] T+h
b
\a S\b’* La +Ca Ng,7+h(Ng,T+h_NT,T+h)

= essinf E.5 " [ = K },

TUET (ht1)6, 7> Ne EU s, T+1] T+h

where abusing notation slightly we write 7 =T A7* A 77, ,. Let

Na (Na _Nb )
a a T,7+h T, 7T+h T,7+h
@ o L +Coe + 7
T/\’r’l/\’rk_~_1 T4 h
and 7% be in 72% +1ys7- Using the tower property we get
e Xb,* )\a /\b * A9 S\b,*
kN a YA a
By [XT/\TaAT,:+1] =Ey5 |:E(k:+1)5 [XTATE/\T,:HH
1b,* a 3 0,*
_E)\ZJ\Z’ E)\k,[(k+l)6,T]’>‘k+1 [ a }
ks (k+1)8 XTAaranty,
b, 3b,*
_]E)‘Z,[k&(k+1)5]’>‘k E)‘Z,[(k+1)5,T]’)‘k+1|: a }
kS (k+1)8 XTAaranty
2\@ ,)\b,* . A\@ 7)\b *
ZE k,[kS,(k+1)8]" 'k essinf E k4+1"k+1 [X Y }
ko acTd a (k+1)8 TATONTS
TET et 1ys, 7M1 UI(k+1)8,T+R)
. )\ZM\Z’* . Ak+1’)‘i+1
> essinf  E} o ess inf E(k+1)5 [XT/\Ta/\T;JrJ ,
Ak Eu[ké (k+1)5] TAET ot 1ys, 1M1 UL (k41)8,T+1)

which gives one inequality in (20) by taking the essential infimum over 7% € Tk (16,7
and A} € Upsryn. We now turn to the other inequality. Let A\ € U s1)s) and
1 € Upes1ysr+n)- We recall the definition (A @y1)s 14 )u = AbLu<or)s + 1o Lkt 1)5<u
so that A @41ys 1 € Upsrn)- Let 70 € Tk+1 s We have

R SV

: a
ad €8s H‘}f Ek(S I:XT/\TG/\TI:+1] S TATONTS
TOET fr1ys, 1M EURS, T+1] (21)

b by
b

o k6 k+1)5] k+1[. a

E [E(Hl)g |:XT/\T“/\T]:+1]:|'

This inequality holds for any 7% € 7}2 +1)sr and p® € Uiy and in particular for 7@

and p® such that

pne )\ v Ae 3=
k41 _ : E+1 k41 [ a
E(k+1)5 |:XT/\T”’/\TI:+1:| = ess inf E i [XTATGAT;H]' (22)

TQET(CIICH)(S,T)‘ZHGu[k&(kﬂ)é]
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From the induction hypothesis, we know that such quantities exist (we can take 7;/,, and

A¢*)). Thus from (21) and (22) we have

PU
: Bk a
o d €88 Half Eké |:XT/\T‘Z/\T;;+1:|
TOET o151 M EURS, T+ 1)
Ao oo e 3
k, [k, (k-+1)8] "k . Pl AT a
< Eys [ ess inf IE:’(k+1) [XTATGATHJ]
TOET %1y, 0N o1 EU(k41)5,T41)

ess inf E/\z“’xml [ a } ]

G )\b * |:
(k+1)s  LXTAransr |
TUET G 1)5, 10 Mo 1 EUI(e+1)5,T+ 1) +

ki
- Ek6

and we deduce the second inequality in (20) by taking the essential infimum over ¢ € U{.

From (19) and (20) we deduce that

N@ (Na _Nb )
a a 7, 7+h\" "1, 74+h T, 7+h
NN e 1 : ae b LT+ Coye + 2
Eys (Uil = , o8 lfllf B [ n . (23)
TAET ot 1ys, 1M UKS, T+1) T+
We conclude from (23) that
N‘ru“‘r h(Nﬂc'L ‘r‘-‘—h_]\fj2 T+h)
. ez LT+ Co e ’
ess inf B, " [—— K ]
TGE‘Tk‘%’T,)\‘ZGU[k(;’T_'_h] T + h
a,% « first a b
— in (B A Ug,] &5+ 9.5 (ko , Nis, NYs)
= min { L5 k100
kd+ h
where 7 = 7% A 777, | and symmetrically
R9% \b _Lb Cb Nﬁ,r+h(N?,T+h*N£,T+h)
ess sup Es "] auc K ]

Tbend&T’)\beu[ké T4h) T+ h

sty Lk + g™t (K6, Nis, Nis)
= max Eka (Uil
kd + h

where 7 = 75, A 7", So, if either

AL Lis + gl (k6, Npis, Njs)
Exs [U’“J kS +h
or b fi b
S\a,*)\b L + g rSt(k(S7 y N )
Ekg [Uk+1} > kS k6 " h k5 kS 7

the extrema are not reached at kd, i.e. the optimal stopping times are still equal to 75,
and the trading rates are given by A" Q1) Apyy = S\Z and )\ Q(kt1)5 )‘k+1 )\b*

Else at least one player triggers an auction and the optimal stopping times are equal to
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kd. Consequently,

Lis + ga=t(10, Njz, N )
0+ h

T;:(smf{m [k, /5], Ut = or U =

l0+h

C.2 Proof of Theorem 3.3

Step 1: Construction of a (good) stopping strategy. Fix 7° € Tor and \> € U. Let € > 0,
A* €U and 7" € Ty such that

E)\*,Ab I:Li*/\Tb + ég‘*/\’rb} <

b L 5
EA7>\ —b

TAT TAT } +e

reTo.r AU TATC+h

and define 7 = 5[%1 Lo 4+ oo™ Also let A% = X @+ A_ where A_ € U is the

constant strategy equal to A_.

Step 2: Comparison with the optimal payoff. We decompose the error made by choosing

77 instead of 7* into three terms:

Td/\Tb +£
T /\Tb+h

] o inf E)\,)\b [L’la'/\’rb + 5$/\Tb]

0 S ]E)‘GV)‘b |:
TE%ﬂT,)\GU

a a
LTC’{/\Tb + 57';/\7'”
TIATY + R

a e o L2 +&2

< E)\ AP _ E)\ Ab T*ATY T*AT

= | ) [ T*ATC+ R

. E}\a)\b[Lf';/\Tb +§7(%/\Tb . L7a_*/\7_b +§70:*/\Tbi| +€
TIANTY + R T*ANTC+ R

—EAG’AIJ[]_ (L A7b+€T AT . LZ*/\’Tb +€$*ATb)] +€
N Tt TINTY + R T*ANTC + D

a a
LT;/\Tb + gT;/\Tb _ Le AT + gﬁrSt(T* A Tb)

TiANTV +h T/\Tb+h

first b a
o EAa,)\b |:1 (LTdATb+ga (T AT, N ;/\Tby ‘r /\Tb) B L:*/\.,_b+gaﬁrSt(T*/\Tb’NS*ATbaNf*ATb)
= THLTb T /\Tb—i-h */\Tb—‘,-h
first b

Lo+ € Lo+ g (rf AT N2, D, L)

by b
E)\a)\bl* . INT TINAT '
+ [T<T( TIANTO + R TIANTY + R )}—i_E

e B )] +e

We have 7% — 7* e 0 a.s. Furthermore, since v*7 and v*7 are replaced by the nearest

integer and using that a§ € N and b(S e N, we get

b b
N’T;/\’T NT;/\TI’)'

ggrst ( A 7_ Na

T/\T

») = gt (T ATV, N2

T/\T
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So, using that the intensities of the Poisson processes are bounded, we have

a first b a
R I e CarT N Vo) 2 el A, Noper Neesa) )]y
T*<7b T /\Tb+h T*ATO+h 5—0

uniformly in 7%, 7°, A% and A\°. Also,

La /\'rb +€7’ AT LT AT +gﬁrSt(T N T NUL /\Tb’ Nf;/\Tb)

)

EXA 1. —
[T<Tb( TEATY + ] TIANT + I
| S

< E]E - [maX<O 67' “ATD T gfzirSt( :ik A 7—117]\]'7?(}‘/\7'[”]\[b /\Tb)):|
1 a

<o sup B [sup(max(max(gi (L, N, NP, g (e, N2, D)) — g5 (1, NE, NY), 0))]
h)\ aeU AU [0,T]

= g,4.

Step 3: Conclusion. We have shown that for any € > 0, there exists 5 > 0 such that, if
0 < 5“, then for any 7° and A’ chosen by Player b, we can find some 7} € Ty 7 and \* € Y

such that
L3 s + &8 Le ., + ¢
0< EA“,)\b TaNT TEINT? 7 inf EA,/\b TATb TATb < % 4+ 7.
- [ ] T€To, 1 AU [ TATC+h } -

I AT+ D

Now let (A%, A), (79, 7%)) be an OLNED for some § < 6* and let 7% € Tor and \* e U

as in Step 1. Remark that 7 € Tg%, and so

0< ]E)\a,)\b |:L’ra/\7'b + é'7'“/\7'b] . inf E)\,)\b |:L’T'/\’Tb + §T/\Tb:|
- Te AT+ R TE€To.m AU TATC+h
La _I__ a La + a
_ inf E)\,)\b[ TATb - é.7'/\7'1’} . inf E)\,)xb[ TAT - gTATbj|
TETp AU TAT +h €T, AU TATC +h
< E}\a})\b[ Td/\Tb +€T*¢/\T ] i lnf E}\,)\b[LT/\Tb +€T/\T ]
- TIATY + R T€To, AU TATC +h
< 2e + €.

Similarly, we find §° > 0 such that if (A%, A?), (7%, 7%)) is an OLNED for some § < 4°,

then

b b
—L ranrt T é‘r‘l/\‘rb

<2+ €.
TEANTN R J =2

LT“/\T + 57'“/\7] o E)\“,)\b |:

7’67677“7)\6?/{
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D Algorithms

D.1 Value functions when n =ng, =0

Algorithm 1: Computation of the value functions in the discretised game

Result: Value functions and probability of triggering an auction

Set

L% + gaT(T7 P’vaN%a N%) _L% + ng(T7 P;‘; N%?‘ZVZIZ)
T+h ’ T+h

(U%/(;,U:l}/(;) = ( )

for ke {T/0—1,...,0} do

Let (A", \%) € U such that
EAZ’*)\Z'* [Ua ] _ inf EAG’)‘Z’* [Ua }
k6 k+1] =, 65811 ks k+1
A EUlRs, (k+1)8)
Aa,* /\b,* )\a,* )\b
kK b _ k b
B (U] = esssup  Eif 7 [URy,],
A EU(15, (k+1)5]
o T ADEADE L8 s+gh" (k6,Prs N5 NP
if Ekéb [Uk+1} < e, FOT and
AB* A0* —LY gl (RS, P N2 N )
E 7k b ks 9% k5 V54 Vs
Eis [Uk—i-l} > ko+h then
a,* \b,* a,* \b,x
a by _ AR a AR b
‘ Set (Ug,Uy) = (Ei} (U] Bk Uba])
else
a 77by _ (Listghrt(kO,Prs Nis . Nps)  —Lps+gp™" (k8,Pps N5 Nps )
| Set (U, U) = ( , )
end
end
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D.2 Value functions in the general case: randomised discrete

stopping time

Algorithm 2: Computation of the value functions in the discretised game
Result: Value functions and probability of triggering an auction

Set

(U2 Ut ):<L%+93(T,P%7N%,N§’~) —L%+93(T,P%,N%,N%))
T/6> =T/ T+h ’ T+h

for ke {T/6—1,...,0} do
Let

o (AP, AV) € U such that

ES N [Ue ] = essinf  EN (U]

A €Uk, (k+1)5)

)\a,* )\b,* )\a,* /\b

k "k ) b
(U],

b _ k
Eys [URa] = esssup By
AP €Uk, (k+1)0]

o (p%,pb) €[0,1]% such that (p¢,1 — p¢) and (p?, 1 — pt) define the mixed strategies

of a Nash equilibrium for the discrete game of Table 2.

Set

Lo+ (slim Lo+ gxrst LY+ zecond )\{14’*7)\]{’*
Up = piph=55— + pp (1 — pp) 25— + (1 — pp)ph=ote— + (1 —p) (1 — pp)Es ™ (U]

_Lb ygsim _rb second _Lb 4gfirst )\ay*})\b«*
Up = piph—0e— + pit(1 — pp) =25 2— + (1 — pl)pp—5— 4+ (1 — p) (1 — pp)Egs ™ [Up4]

where the arguments of the functions gfirst, gsecond  gsim - glirst = gsccond oy gsim

are (k(sv 1:57 Igéang )

end

D.3 Average duration of the continuous trading phase
The average duration is defined by

a,* yb,*
)‘k

B, =By ™ [1 — kd|r > ko]

for k € {0,...,T/6}. In particular By, = EX"A""[r]. Assuming that it is a Markovian
function of the state variables P*, N* N° L% L and that the PDE obtained from the
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Feyman-Kac formula has a unique solution, we compute E} with the following algorithm.

Algorithm 3: Computation of the average duration of the continuous phase in

the discretised game

Result: Average duration of the continuous phase

Set

Er;s =0

for ke {T/0—1,...,0} do

end

a,k | b,* a,* Ab,*

Compute Ezg Ak [Ekﬂ] with the Feyman-Kac formula: E;g Tk [Ekﬂ} = €5

where e is the solution of the equation

€(k+1)s = Byt

e + %265176 + 1+ q(v — n*)20e + gt — n®)20pe + 1py Ay Do + 1p A  Dbe = 0

for t € [ko, (k+1)0)

Set

a,*k yb,x
AR A

Ep=(1—pp)(1—p})E% [Eri1]

We recall that the operators D, D are defined in Appendix B as the change in the value

functions due to a trade between Player a and the market maker, and Player b and the

market maker, respectively. Also, 0« and Op are the spatial derivatives with respect to

the cash processes L® and L® of Player a and Player b.
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E Comparison ad-hoc auctions, periodic auctions and

CLOB for small penalty

Ve (le-6) Average duration
h =20, h =20, h =20, h =20,

Market design n=3 n=1 | CLOB n=3 n=1 | CLOB

continuous trading allowed Yes No No No Yes No No No
v*=0.1, " =0.1 16458.6 27424.3 | 12000.5 | 10000.0 | 40.9s  5.6s 0.0s 10.0s

v® = 0.05, v’ = 0.1 6533.5 11581.1 | 2000.5 | 5000.0 | 56.9s 14.9s | 0.0s 10.0s

v® = 0.1, v* = 0.05 14196.4 22874.1 | 12000.5 | 10000.0 | 56.9s 14.9s | 0.0s 20.0s

v® = 0.15, v = 0.1 27287.7 30051.5 | 31501.0 | 15000.0 | 27.1s  3.9s 0.0s 6.7s
v®=0.1, " =0.15 16450.0 16309.9 | 9510.7 | 10000.0 | 27.1s  3.9s 0.0s 10.0s

Table 4: V* and average duration of the continuous trading phase for different values of
v® and v® with ¢ = 0.005.
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