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Abstract

We propose a novel ranking model and a complementary predictive

ability test statistic to investigate the forecasting performances of differ-

ent Value at Risk (VaR) methods. The ranking model develops a unified

framework which penalizes excessive capital allocation, autocorrelation

of violations and violation magnitudes through an anisometric structure.

In addition, as an alternative to existing predictive ability tests which

compare the forecasting methods two at a time, our complementary test

statistic considers all methods at the same time to confirm whether the

chosen method outperforms the competing methods. The results show

that asymmetric methods such as CAViaR Asymmetric and EGARCH

generate the best performing forecasts. This suggests that the perfor-

mance of VaR methods does not depend entirely on whether they are

parametric, non-parametric, semi-parametric or hybrid; but rather if they

can effectively model the asymmetry of the underlying data or not.
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1 Introduction

Forecasting is of fundamental importance to all the sciences and accurate fore-
casting is essential for making sound decisions. Evaluating forecasting accuracy
is of great importance for those who are primarly interested in analyzing and
distinguishing between competing prediction methods. Also, predictive perfor-
mance and the adequacy of methods are closely linked as method inadequacy
causes predictive failure.

Given the ever-increasing importance of risk management, risk prediction
plays a significant role in finance. The concept of Value-at-Risk (VaR) has
emerged as the standard measure of market risk. VaR can be defined as the
determined quantile of the future return, conditional on the available informa-
tion set. The main task is to forecast a value; V aRt at each period, which will
exceed the future return with Θ ∈ (0, 1) probability. For a brief explanation, let
{xt}Tt=1 be the time series of returns where T is the end of the sample. Then,
following the approach of Artzner, Delbaen, Eber and Heath (1999) and by let-
ting Ωt−τ be the information set up to t − τ , the risk measure can be defined
as follows: V aRt = − inf{q ∈ R : Pr(xt ≤ q|Ωt−τ ) > Θ}.

In simpler terms, regarding VaR as the maximum potential loss with a given
Θ probability, a quantile measure relatively far out in the left tail of the return
distribution is searched for some specified future time. Existing methods for cal-
culating VaR can be classified into four main groups as follows: Nonparametric
methods, Semiparametric methods, Parametric methods and Hybrid methods.

Evaluating Value at Risk methods’ forecasting accuracy in an objective and
effective framework is crucial for both efficient capital allocation and loss predic-
tion. Hence, finding an adequate method is of obvious importance for both the
regulators and the risk managers’ needs for financial stability and profitability.

Many forecasting accuracy assesments for VaR methods exist through the
use of different criteria such as empirical coverage probabilities, error estimat-
ing loss functions and autocorrelation tests. Several other types of descriptive
information such as the mean of violations and the maximum of violations can
also be considered (Berkowitz and O’Brien, 2001). It is important to note
that evaluating forecasts based solely on one criterion yields limited informa-
tion regarding method accuracy. Thus, in literature, it is a common approach
to present the results of each evaluation criterion seperately and then deter-
mine the best performing method. However, it is likely to observe different best
methods for different evaluation criteria. Thus, it becomes difficult to make
conclusive remarks.

The Dynamic Quantile (DQ) test (Engle and Manganelli, 2004) proposes an
easy test statistic which incorporates important evaluation criteria and hence
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can be used for method selection. It stands out as a powerful tool in test-
ing whether VaR estimates from different methods satisfy the requirements of
independent unexpected losses, the correct fraction of unexpected losses and un-
biasedness. Here, the aim is not to rank different methods from best to worse,
but to statistically test whether a method at hand satisfies these requirements.
Thus, if more than one forecasting method passes this test, the DQ test does
not distinguish which one is relatively more accurate.

As an alternative approach, predictive ability tests are widely used when
comparing forecasting methods and to confirm whether the chosen method out-
performs the competing forecasting methods. Equal predictive ability (EPA)
tests were proposed by Diebold and Mariano (1995) and West (1996), in which
the latter considers forecasting methods including estimated parameters. Har-
vey, Leybourne and Newbold (1997) suggest a framework which considers small
sample properties. Harvey and Newbold (2000) propose a test for comparing
multiple nested methods and McCracken (2000) consideres the cases with es-
timated parameters and non-differentiable loss functions. As an extension to
equal predictive ability tests, in the framework of White (2000) and Hansen
(2005), a test for superior predictive ability (SPA) is examined. The distinction
is that the latter leads to a composite null hypothesis and former leads to a
simple null hypothesis. Other important works include Clark and McCracken
(2001), Corradi, Swanson and Olivetti (2001), Clark and West (2006). 1 Both
EPA and SPA require the choice of a fixed benchmark method and compare
methods two at a time, instead of all at the same time.

Any reasonable methodology in evaluating the forecasting accuracy of VaR
methods should take into consideration the concerns of both the regulators and
the risk managers while being able to rank the VaR methods. Accordingly, our
methodology takes the following steps: 1) Determining the important evaluation
criteria 2) Developing a model which incorporates all these evaluation criteria 3)
Providing meaningful results to establish the quality of the forecasting estimates
4) Providing complementary test statistics for statistical validation.

With these in mind, we propose a new ranking model and a complemen-
tary predictive ability test statistic to investigate the performances of different
VaR methods. In addition, we implement the DQ test and White’s SPA test
as supporting information. Twelve different VaR methods (from four main cat-
egories of VaR methods) are implemented using equity index data from eleven
emerging markets and seven developed markets. Our results suggest that asym-
metric methods such as CAViaR Asymmetric (Engle and Manganelli, 2004) 2

1Refer to the original papers for detailed discussions.
2The unknown parameters are found by the regression quantile framework introduced by

Koenker and Basset (1978).
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and EGARCH (Nelson, 1991) tend to generate more accurate forecasts.
This paper is organized as follows. Section 2 introduces our ranking model.

Section 3 provides information on predictive ability testing and presents our test
statistic. Section 4 explains the empirical results. Section 5 is the conclusion.

2 Loss Functions and Ranking Model

A reasonable loss function should provide a numerical value which reflects both
the regulatory supervisors’ and risk managers’ concerns on potential forecast
errors. To sustain financial stability, government regulators would need firms
to generate few unexpected losses or violations; meaning few returns below
VaR measures. They would also need the unexpected losses to be small in
magnitude and be unautocorrelated. Disastrous events (i.e bankruptcy) are
more probable as a result of huge unexpected losses occuring in rapid successions
(Christoffersen and Pelletier, 2004). On the other side, risk managers would
also consider the profitability of their firms and would need smaller scaled VaR
measures for efficient capital allocation. The delicate balance can be reached
when a VaR method is accurate at forecasting the volatility evolution.

Appropriate loss functions for the evaluation of forecast methods are dis-
cussed in Lopez and Diebold (1996), Hansen (2005), Awartani and Corradi
(2005), Chiu, Lee and Hung (2005), Giacomini and White (2006) and Fuertes,
Izzeldin, Kalotychou (2009). Loss functions commonly used in literature include:
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Examples of Forecast Evaluating Loss Functions

Let V aRj,t be the VaR forecast at time t with model j and xt be the
realized return at time t. Also, let lj,t be any loss function.

1. Mean Squared Error: lj,t=(xt − V aRj,t)2

2. Absolute Error: lj,t=|xt − V aRj,t|

3. Asymmetric Linear: lj,t=(Θ− 1(xt < V aRj,t))(xt − V aRj,t)

4. Linex: lj,t=exp(α(xt − V aRj,t))−α(xt − V aRj,t)− 1 with α ∈ <

5. Logarithmic: lj,t=(ln(xt)− ln(V aRj,t))2

6. Direction of Change: lj,t=1{(xt+1 − xt) 6= (V aRj,t+1 − xt)}

7. Kolmogorov-Smirnov: lj,t=supy∈<|
∫ y
−∞[xt(z)− V aRj,t(z)]dz|

8. Kullback-Leibler: lj,t=
∫∞
−∞ log[V aRj,t(z)/xt(z)]xt(z)dz

9. Hansen’s VaR Specific: lj,t=|
∫ V aRj,t

−∞ xt(z)dz −Θ|

A general framework to represent a reasonable loss function, regarding the
VaR measure, can be presented by considering the returns both above and below
the VaR measure as proposed by Lopez (1998). More specifically, let V aRj,t be
the VaR forecast at time t with model j. Also, let lj,t be any loss function.

Then, the following can be written:

lj,t =

f(xt, V aRj,t) if xt ≥ V aRj,t
h(xt, V aRj,t) if xt < V aRj,t

(1)

In this representation, xt is the realized return at time t. Thus, considering
multiple VaR methods, the numerical values generated by a reasonable loss
function can be used to rank the predictive accuracy of these methods.

Note that, common regulatory forecasting assesments, which only regard
unconditional violation frequencies are flawed (Kuester, Mittnik and Paolella,
2006). A reasonable loss function should incorporate the concerns of both the
regulators and the risk managers. A complete model should not only consider
the number of unexpected losses, but also the magnitudes of unexpected losses
and the clusterings of unexpected losses. In addition, the model should also
favour efficient capital allocation. To the best of our knowledge, there is no loss
function which considers all these concerns and ranks the VaR methods accord-
ingly. In the literature, this is the reason why it is common to use a number
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of loss functions providing complementary information instead of a single loss
function which incorporates all the appropriate information to evaluate VaR
methods.

2.1 Ranking Model

Following the general framework of the loss function given in (1), we propose a
model which divides the return space into two: The safe space and the violation
space. The safe space considers the realized returns above the VaR measure;
whereas the violation space considers the unexpected losses.

In the violation space, a cluster is defined as the sequence of unexpected
losses with a finite length of z; that is z ≤ Z. Furthermore, there may be more
than one cluster in this space; say h ≤ H number of clusters. A cluster by
itself and the interaction of clusters with each other all contribute to autocor-
relation. A cluster can be modeled as compounded unexpected losses and the
interaction between the clusters can be modeled by an inversely proportional
function of the distance between the clusters. Then, such an approach penalizes
the autocorrelation of unexpected losses.

In addition, the magnitudes of the unexpected losses can simply be modelled
as the difference between the unexpected loss and the VaR measure at each
time point. Defining the magnitude of unexpected losses as εt = (V aRt − xt)
for xt < V aRt, the total loss from the violation space is written as follows:

Φ =
h−1∑
i=1

h−i∑
m=1

{
1

ki,i+m

{
zi∏
b=1

(1 + εb,i)
zi+m∏
b=1

(1 + εb,i+m)− 1

}}
(2)

In this representation, zi is the length of the ith cluster and ki,i+m is the
length between ith and (i + m)th clusters. It can be seen that as the length
between clusters increase, the penalization factor decreases. Note that, any
combination of cluster interactions are taken into account.

In the space remaining above the VaR measure, that is the safe space; over-
capital allocation should be penalized as it generates less profitability for the
firm, which is undesirable for the risk managers. Note that, over-capital al-
location does not generate an actual unexpected loss, but only generates less
profitability for the firm. Thus, penalization of autocorrelation of returns re-
maining above VaR measure does not apply in this space as this would otherwise
overestimate the penalization power of the safe space.

As VaR measure only deals with the left tail of a distribution, only the
negative returns should be considered with respect to the calculated VaR mea-
sure. By definition, a positive VaR measure is not meaningful and therefore,
constructing the penalization by regarding the positive returns is not entirely
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correct. Thus, only the distance between the negative returns remaining above
V aRt and the V aRt itself are considered. This constitutes the magnitude of
the over-capital allocation. The safe space penalization factor is structured as
follows:

Ψ =
T∑
t=1

[1(xt > V aRt|xt < 0)] (xt − V aRt) (3)

The weighting of the two spaces is a fundamental issue. It is important to
understand that as the quantile; Θ decreases, the ratio of the safe space to the
violation space increases. Hence, the weighting scheme should be a function of
the chosen quantile. It is also important to note that in the context of VaR, un-
derestimation of the VaR measure should be less desirable than overestimating
it, as underestimation generates actual unexpected losses and overestimation
only generates less profitability and no actual unexpected losses. This suggests
an anisometric weighting of the spaces. Following the approach of the Asym-
metric Linear Loss Function, the safe space can be weighted with Θ and the
violation space can be weighted with (1-Θ).

Finally, as a scaling parameter of the sum of the two weighted spaces, we
use the total number of observations. Then our resulting penalization function
that ranks the methods is structured as follows:

RM(θ,Φ,Ψ) =
1
T

[(1− θ)Φ + θΨ] (4)

The ratio of the value generated by a particular method to the sum of all the
values generated by all methods can be calculated. More specifically, let RMj

be the value generated by the ranking model for the jth VaR method. The ratio
for the jth method amongst n number of methods can be calculated as follows:
Ratioj = RMj∑n

i=1 RMi
. The higher the ratio is, the worse the corresponding fore-

casting method is. If every method is equally accurate in forecasting the VaR
measure, then this ratio would be 1

n as RMj = RMi, ∀i ∈ [1, n] ⊂ N. This ratio
approach is closely linked to our predictive ability test statistic.

3 Predictive Ability Tests

In comparing the forecasting methods in a statistically meaningful way, pre-
dictive ability testing can be used as a complementary framework to a ranking
framework. In order to demonstrate where our alternative predictive ability test
statistic stands, the frameworks of Diebold’s equal predictive ability test (1995)
and White’s superior predictive ability test (2000) are explained.

Let two forecasts be defined as {fi,t}Tt=1 and {fj,t}Tt=1 for the time series
{xt}Tt=1. Also, let the corresponding forecast errors be defined as {ei,t}Tt=1 and
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{ej,t}Tt=1. An arbitrary loss function of the actual data and forecasts can be
defined as l(xt, fi,t). In most applications, the loss function will be a direct
function of the forecast erros; l(xt, fi,t)=l(ei,t) ≡ li,t. Then, the null hypothesis
of equal forecast accuracy for two forecasts can be written as follows: E[li,t] =
E[lj,t]. If the loss differential series is defined as; {κt}Tt=1 ≡ {li,t− lj,t}Tt=1, then
the null hypothesis can be written as H0 ≡ E[κt]=0. Diebold (1995) proposes
various ways of testing this hypothesis.

As an extension, White (2000) developed a framework for comparing n num-
ber of forecasting methods and proposed a test for SPA also known as the reality
check (RC) for data snooping. In this framework, a benchmark method is chosen
and a vector of differential loss series, corresponding to all forecasting methods
is created. Let the differential loss series be defined as {κj,t}Tt=1 ≡ {l1,t− lj,t}Tt=1

for l1,t being the loss function associated with the forecasting errors of the bench-
mark method. Then, the vector is generated: κ∗t = (κ2,t, ..., κn,t) and the null
hypothesis of interest is H0 ≡ E[κ∗t ] ≤ 0. Then, the question of interest is
whether any alternative forecast method is better than the benchmark method,
or equivalently, whether the best alternative forecasting method is better than
the benchmark. White (2000) and Hansen (2005) propose different test statistics
for testing the null hypothesis.

Note that, in these frameworks, the differential loss series are calculated by
considering two forecasting methods at a time, instead of all at the same time.
Hence, the differential loss series is a function of two methods: κj,t ≡ g(l1,t, lj,t).

3.1 Alternative Predictive Ability Test

In our framework, the null hypothesis is the same: the loss series generated by
a benchmark forecasting method is statistically no worse than the others. In
order to consider all methods at the same time, one alternative way of defining
the loss series can be through ratios instead of the spreads of two methods. Let
the following be defined: κj,t ≡ ζ(l1,t, ..., lj,t, ..., ln,t).

This function becomes the ratio of the loss series generated by a particular
forecasting method over the sum of all loss series from the forecasting methods,
instead of loss differentials of two methods. Then, the ratio-loss series is defined
as follows: {κj,t}Tt=1 = { lj,t∑n

i=1 li,t
}Tt=1. Here, a total of n methods are considered.

If all the forecasting methods are equally accurate, then this ratio would be 1
n .

Then, our null hypothesis becomes the following: H0 ≡ E[κj,t] = 1
T

∑T
t=1 κj,t ≤

1
n .

A similar binomial testing criteria proposed by Diebold (1995) can be used
to create the test statistic: Wj =

∑T
t=1 1(κj,t > 1

n ). According to the Central
Limit Theorem and assuming iid of the generated ratio-loss series, the test
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statistic can be written as follows: Ŵj = Wj−pT√
p(1−p)T

∼ N(0, 1).

In this framework, p = 0.5 and the proof can be found in the Appendix
B. The main advantages of such a structure are that all the methods can be
considered at the same time and it is still easy to implement. Also, for both
the EPA and the SPA testing, a total of n(n−1)

2 differential loss series must be
generated to carry out the tests. On the other hand, for our predictive ability
test, n number of ratio-loss series is enough to test n number of methods. This
allows a computational complexity of order n−1

2 for n > 2.
Our predictive ability testing framework is sensitive to exceedingly poor fore-

casting methods. If there exists m number of exceedingly inaccurate forecasting
methods amongst n number of methods for m << n, other unsuccessful meth-
ods may still pass the test. More specifically, at each time point, the magnitude
of the loss generated by the exceedingly inaccurate methods will be so large
that the magnitude of the loss generated by another unsuccessful method will
be relatively too small. Then, the ratios for an unsuccessful method may remain
under 1

n and such a method may pass the test. In such cases, our predictive
ability testing should be carried out once again without including them.

4 Empirical Results

In this analysis, equity index data from eleven emerging markets and seven
developed markets are analyzed. The emerging markets are as follows: Brazil
(IBOV Index), Chile (IPSA Index), Colombia (IGBC Index), the Czech Re-
public (PX Index), Hungary (BUX Index), Mexico (MEXBOL Index), Poland
(WIG Index), Russia (INDEXCF Index), Turkey (XU100 Index), South Africa
(JALSH Index), and Argentina (MERVAL Index). The developed markets are
as follows: England (UKX Index), the US (INDU Index), France (CAC Index),
Spain (IBEX Index), Germany (DAX Index), Japan (NKY Index), and Holland
(AEX Index).

The data is taken from Datastream as daily observations from the begin-
ning of 1995 until mid July of 2009, considering only business days. Therefore,
amongst the other major crises, the data at hand also includes the recent sub-
prime mortgage crisis, which is an important stress testing period for the VaR
methods. The first 500 days is determined to be the out of sample data and the
size of the rolling window is also 500. The twelve VaR methods implemented
on the return series and their brief explanations can be found in Appendix A.
The quantile levels which we tested for each VaR method are Θ = 0.05 and
Θ = 0.01. 3

3For the sake of brevity, only the results for Θ = 0.05 are presented in this paper. The
results of Θ = 0.01, which are very similar to that of Θ = 0.05, are available from the authors
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4.1 Descriptive Statistics of Returns Series

Through the pioneering works of Mandelbrot (1963) and Fama (1965), the em-
pirical characteristics of financial return data are well known. They can be listed
as follows: 1) The distributions have a level of skewness; they are asymmetric
2) The distributions have high kurtosis; they are leptokurtic 3) Squared returns
have severe autocorrelation.

Table 1 demonstrates the skewness, kurtosis and Jarque-Bera test results for
the return series of emerging and developed markets. It can clearly be observed
that none of the underlying return series is normally distributed. There is severe
kurtosis and the distributions are asymmetric with considerable skewness. These
observations are key factors to understand why certain VaR methods might be
better performing. In figures 1-2, the VaR values calculated by each method
against the returns of Brazil and Spain are plotted, respectively.

4.2 Results of Ranking Model

The values generated by our ranking model can be seen in tables 2 and 4. In
tables 3 and 5, the methods corresponding to the values are sorted in ascending
order. It can be observed that for 10 out of 11 emerging markets and 7 out of
7 developed markets, EGARCH and CAViaR Asymmetric methods are ranked
the highest in their performance power. Our ranking model results confirm the
works of Nelson (1991), Glosten, Jagannathan and Runkle (1993) and Hentschel
(1995) among others, which state the importance of asymmetries in market
wide equity index returns as also mentioned in Andersen, Bollerslev, Diebold
and Ebens (2001). The volatility tends to increase with bad news and decrease
with good news; hence, an asymmetric modelling structure becomes an essential
issue. There are two major explanations for this behaviour. Black (1976) and
Christie (1982) explain the phenomenon with leverage effect, where a large
negative return raises financial and operating leverage which increases equity
return volatility. Campbell and Hentschel (1992) discuss that if the market
risk premium is an increasing function of volatility, then due to the volatility
feedback effect, negative returns would raise future volatility more than that of
positive returns.

Both in emerging and developed markets, Historical Simulation and Monte
Carlo Simulation methods do not perform particularly well. These two methods
are most commonly used in financial institutions (Christoffersen, Berkowitz and
Pelletier, 2007) and do not seem to be the best methods to use. 4

upon request.
4Regarding Θ = 0.01, Historical Simulation and Monte Carlo Simulation methods perform

relatively better when compared to their performance regarding Θ = 0.05. This is also the
case for RiskMetrics (RiskMetrics, 1996) and GARCH (Bollerslev, 1986) methods.
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It is clear that Extreme Value Theory and Variance/Covariance methods are
the worst methods in their performance power as they are ranked within the
last three places for 10 out of 11 emerging markets and 7 out of 7 developed
markets. They overestimate the VaR and still manage to get severe unexpected
losses. Specifically for developed markets, the Hybrid method seems to be the
worst performing method as it is ranked in the very last place for 5 out of 7
developed markets.

From our ranking model, we have found out that asymmetric methods such
as EGARCH and CAViaR Asymmetric perform the best in forecasting the VaR
measure. Therefore, regarding the asymmetric distribution of the returns for
each country, the performance of VaR methods does not depend entirely on
whether they are parametric, non-parametric, semi-parametric or hybrid; but
rather if they can model the asymmetric structure or not.

4.3 Results of Dynamic Quantile Test

The results of the Dynamic Quantile test proposed by Engle and Manganelli
(2004) can be seen in tables 6 and table 7 for emerging and developed markets,
respectively. The results of our ranking model and the DQ test (2004) are highly
consistent. It can be observed that CAViaR Asymmetric method seems to be
the only method which succesfully passes the test for every country. In addition,
Extreme Value Theory and Variance/Covariance methods do not pass the test
for any country for the same confidence level.

It can also be observed that Historical Simulation and Monte Carlo Sim-
ulation methods do not pass the test for any country either. Our ranking
model does not favor these two methods, but it still does not rank them as
the worst methods. This suggests that these two methods allow for efficient
capital allocation which our ranking model favors to some extent, but there is
an autocorrelation of unexpected losses which the DQ test does not tolerate.

It is also interesting to observe that the Hybrid method passes the DQ test
for 6 out of 7 developed markets, although it is ranked as the worst method
in our ranking model for 5 out of 7 developed markets. This suggests that the
Hybrid method is not successful for efficient capital allocation which our ranking
model punishes.

4.4 Results of Predictive Ability Tests

Tables 8 and 10 demonstrate the results of our predictive ability test statistic
for emerging and developed markets, respectively. For each market, we reject
that the Extreme Value Theory method is statistically no worse than others.
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Apart from the Extreme Value Theory and Variance/Covariance methods,
all other methods seem to have passed the test for each emerging market. This
suggests that these two methods are exceedingly poor compared to others and
thus, the test should be carried out once again without including them. From
table 9, it can be observed that CAViaR Asymmetric is the only method which
passes our test statistic for every country.

For developed markets, the test should be carried out once again without
including Extreme Value Theory method. From table 11, it can be observed
that EGARCH and CAViaR Asymmetric methods are the only methods which
pass our test statistic for every country. These results are consistent both with
our ranking model and the DQ test.

White’s SPA test (2000) results regarding emerging and developed markets
can be seen in tables 12 and 13, respectively. It can be seen that for every
country, we fail to reject that CAViaR Asymmetric method is no worse than
other methods. Hence, White’s SPA test (2000) is confirmed by our alternative
predictive ability test statistic and our ranking model.

5 Conclusion

Regulators and risk managers have an abundance of Value at Risk methods to
choose from. Thereby, from the perspective that succesful VaR methods should
satisfy both the concerns of regulators and the risk managers, we have developed
a model which ranks the methods accordingly. As a complementary statistical
validation of our model, we propose our own predictive ability test statistic and
also implemented White’s SPA test (2000). Additionally, the Dynamic Quantile
test (2004) is used for further analysis.

We implemente twelve different VaR methods on eleven emerging markets
and seven developed markets. The results suggest that asymmetric methods
such as CAViaR Asymmetric and EGARCH perform the best. The distributions
of the underlying data are asymmetric for every country considered in this
analysis. Therefore, the performance of VaR methods does not depend entirely
on whether they are parametric, non-parametric, semi-parametric or hybrid;
but rather if they can model the asymmetry of the underlying data or not.
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6 Appendix A

6.1 VaR Methods Used in Analysis

Nonparametric Methods:

1. Variance-Covariance Method: V aRt+τ = H−1
t (Θ)

√
w′Σtw

√
τ

where w is the weight of each asset, Σt is the covariance matrix,
Ht is the cumulative standard normal distribution function.

2. Historical Simulation Method: V aRt+τ is given by the em-
pirical Θ-quantile up to time t ; which can be defined as
QΘ(xt, xt−τ , ..., x0).

3. Monte Carlo Simulation Method: V aRt+τ is given by the em-
pirical Θ-quantile up to time t ; which can be defined as
QΘ(xt, xt−τ , ..., x0). The returns are generated by simulation:
xt = µdt+ σε

√
dt where ε ∼ N(0, 1).

Semiparametric Methods:

1. Adaptive CAViaR Method: V aRt = β0 +
∑p
i=1 βiV aRt−i +∑q

j=1 βj l(xt−j) where p and q are the determined lags.

2. Symmetric CAViaR Method: V aRt = β1 +β2V aRt−1 +β3|(xt−1)|

3. Asymmetric CAViaR Method: V aRt = β1 + β2V aRt−1 +
β3(xt−1)+ + β4(xt−1)− where the functions are (y)+ = max(y, 0)
and (y)− = −min(y, 0).

4. Indirect GARCH CAViaR Method: V aRt = (β1 + β2V aR
2
t−1 +

β3(xt−1)2)
1
2

5. Extreme Value Theory Method: Through the Generalized Pareto

Distribution V aRt+τ = ν − δ̂
ψ̂

(
1−

[
Θ( TK )

]−ψ̂)
where K is the

number of exceedences, ν is the threshold, ψ̂ is the estimated shape
parameter, δ̂ is the estimated scale parameter.
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Parametric Methods:

1. GARCH Method: V aRt+τ = H−1
t (Θ)σt

√
τ where Ht is the cu-

mulative standard normal distribution function and σ2
t = α0 +∑p

i=1 αiε
2
t−i +

∑q
i=1 βiσ

2
t−i. In here, εt−i = xt−i − µt−i where

µt−i = 1
t−i
∑t−i
m=1 xm.

2. EGARCH Method: V aRt+τ = H−1
t (Θ)σt

√
τ where Ht is the

cumulative standard normal distribution function and lnσ2
t =

α0 + α1a
εt−1
σt−1

+ α1b

(
|εt−1|
σt−1

− E[ |εt−1|
σt−1

]
)

+ β1 lnσ2
t−1. In here,

εt−1 = xt−1 − µt−1 where µt−1 = 1
t−1

∑t−1
m=1 xm.

3. RiskMetrics Method: V aRt+τ = H−1
t (Θ)σt

√
τ where Ht is the

cumulative standard normal distribution function and σ2
t = (1 −

λ)ε2t−1 +λσ2
t−1. In here, λ=0.94, εt−1 = xt−1−µt−1 where µt−1 =

1
t−1

∑t−1
m=1 xm.

Semiparametric Methods:

1. Hybrid Method: The Historical Simulation and RiskMetrics meth-
ods are combined to produce the Hybrid method. V aRt+τ =∑t
i=t−M+τ xi1

(∑M
j=1 S(i)1

{
xt+τ−j≤xj

}
= Θ

)
. In here, assign

weights to most recent M number of returns; xt, xt−τ , ...xt−M+τ

with the following vector: S = 1−λ
1−λM , 1−λ

1−λM λ, , ..., 1−λ
1−λM λM−1

where λ = 0.97 or λ = 0.99. The S(i) is the ith element of the
vector S, which is the weight associated with the return xi.

7 Appendix B

7.1 Proof of p=0.5:

For the sake of short notations, let the loss function given above be defined
without time dependency as follows: lj,t ≡ υj .

In a two method model proposed by Diebold(1995), the following assumption
is made:

Pr(υ1 > υ2) = Pr(υ2 > υ1) =
1
2

(5)

The above argument implies the following statement:

Pr(
υ1

υ2
> 1) = Pr(

υ2

υ1
> 1) = Pr(

υ1

υ2
< 1) =

1
2

(6)

14



Then, extend this idea further by letting a summation in the denominator
and show that the following statement holds:

Pr(
υ1

υ1 + υ2
>

1
2

) = Pr(
υ2

υ1 + υ2
>

1
2

) = Pr(
υ1

υ2
< 1) =

1
2

(7)

This can simply be shown as:

Pr(
υ2

υ1 + υ2
>

1
2

) = Pr(
υ1

2
+
υ2

2
< υ2) = Pr(

υ1

2
<
υ2

2
) = Pr(

υ1

υ2
< 1) =

1
2

(8)

This framework can be extended to n number of methods considered at the
same time. Let n = 3. Then, the following can be written:

Pr(
υ1

υ1 + υ2 + υ3
>

1
3

) = Pr(
υ2

υ1 + υ2 + υ3
>

1
3

) = Pr(
υ3

υ1 + υ2 + υ3
>

1
3

) (9)

Also note that, the following must hold:

Pr(
υ1

υ1 + υ2
>

1
2

) = Pr(
υ2

υ2 + υ3
>

1
2

) = Pr(
υ3

υ1 + υ3
>

1
2

) = ... (10)

= Pr(
υ2

υ3
< 1) = Pr(

υ1

υ2
< 1) =

1
2

(11)

Not all of the inequalities are demonstrated here, but the idea should be
understood. Now, reagrding n = 3, from (9), the following equalities can be
written:

Pr(
υ1

3
+
υ3

3
<

2υ2

3
) = Pr(υ1 + υ3 < 2υ2) = Pr(

υ1

υ2
+
υ3

υ2
< 2) = PrΦ1 (12)

Pr(
υ1

3
+
υ2

3
<

2υ3

3
) = Pr(υ1 + υ2 < 2υ3) = Pr(

υ1

υ3
+
υ2

υ3
< 2) = PrΦ2 (13)

We know that PrΦ1 = PrΦ2 and we also know that the following can be
written:

PrΦ1 = PrΦ2 = Pr(
υ1

υ2
< 1) = Pr(

υ3

υ2
< 1) =

1
2

(14)

Using forward induction, the proof can be extended to n greater than 3.
Then, the following can be written:

Pr(
νi∑n
j=1 νj

<
1
n

) = Pr(
νi∑n
j=1 νj

>
1
n

) =
1
2

(15)

Briefly, the ratio considering n methods can either be greater or smaller than
1
n with equal probability; which is p = 0.5.
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8 Empirical Result Tables and Figures

Table 1: Descriptive Statistics of Return Series

IBOV Index IPSA Index IGBC Index PX Index BUX Index MEXBOL Index

Skewness 0,22 0,40 -0,03 -0,18 0,06 0,35
Kurtosis 5,43 12,34 14,01 15,50 9,56 7,90
J-B Test R R R R R R

Maximum 0,1466 0,1253 0,1582 0,1316 0,1409 0,1101
Minimum -0,1139 -0,0603 -0,1046 -0,1494 -0,1188 -0,0701

WIG Index INDEXCF Index XU100 Index JALSH Index MERVAL Index

Skewness -0,36 0,62 0,01 -0,07 -0,39
Kurtosis 5,69 19,37 5,89 5,70 8,18
J-B Test R R R R R

Maximum 0,0627 0,2869 0,1289 0,0707 0,1101
Minimum -0,0795 -0,1866 -0,0862 -0,073 -0,1215

UKX Index INDU Index CAC Index IBEX Index DAX Index NKY Index AEX Index

Skewness 0,13 0,34 0,36 0,15 0,48 -0,16 0,08
Kurtosis 11,85 13,67 12,47 11,68 13,18 11,88 12,89
J-B Test R R R R R R R

Maximum 0,0984 0,1108 0,1118 0,1065 0,114 0,1415 0,1055
Minimum -0,0885 -0,0787 -0,0904 -0,0914 -0,0716 -0,1141 -0,0914
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Figure 1: VaR vs. Brazil Return Series
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Figure 2: VaR vs. Spain Return Series
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