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1. Introduction

An important problem for risk management is to difiprcapital requirements. Capital acts as a
buffer, for insurance companies, against unexpefldsses resulting from extreme claims or/and
adverse investment results. Capital measurementrizae significant advances since the margin
solvency model. Regulators have devoted large taiterto sustain solvency and soundness of
financial institutions by reinforcing prudentialles, especially risk-based capital standards.

In practice, the regulator's approach to deal s problem is to take the firm's portfolio
composition as fixed and to determine the levadagfital to be hold in order to limit the probalyildf
failure up to a given horizon. However, the decigiwocess to reach the required capital level iemo
complex than the simple regulator's view. The fidatision emerges from a trade-off between
different competing perspectives. In fact, besidesessential role as a buffer, stock insurers use
capital to finance projects. Thus, maximizing thargholders' value will be the principal objectitre.
other words, stock insurers will determine the mjpli assets and liabilities mix to maximize the
return/risk profile, subject to regulatory requiremts. Jarrow et al. (2005) rank the two perspectives
described above as regulatory capital and capiiddiéting, respectively.

To provide insights into solving these questionsalgses have covered two research areas:
economic capital calculation and optimal portfokelection. Numerous studies have modeled
economic capital for insurance firms following vars probabilistic assumptions on risks (see, e.g.,
Djehiche and Horflet (2004), Tang and Valdez (20@Haene et al. (2006) and Bisignani et al.
(2007)). These studies attempt to determine theani capital level by making assumptions on
distributions or dependence structure between.riBke results highlight numerically the connection
between the economic capital and the risk manageamehthe investment decisions.

Another strand of literature has examined the agitimvestment portfolio in the presence of
liabilities>. To the best of our knowledge, this research areludes the works of Ferrari (1967),
Kahane and Nye (1975), Cummins et al. (1981), Lwitmand Henriksson (1988) and Li and Huang
(1996) for one period framework. Browne (1995) egi® the problem into a dynamic setting.
Without a budget constraint, the optimal strateggsists in holding a constant amount of wealth in
the risky asset irrespectively of the surplus le@ei the contrary, Hipp and Plum (2000) find tHreg t
optimal amount invested in the risky asset is action of the current surplus. This divergence in
results is due to the difference of assumptiong.drd Yang (2004) generalize Hipp and Blum model
by including a risk-free asset. Luo et al. (2008)sider the same problem under neither short gellin
nor borrowing assumptions. Two main objectives aomsidered in these papers, maximizing
expected utility or minimizing the probability ofiin. In both cases, capital is viewed as a state
variable.

For all the above studies, optimality is derivedyofor one decision variable, either assets
portfolio or capital. However, it has been shownha literature that risk management and investment
decisions are highly interdependent (see, e.gotFeb al. (1993), Froot and Stein (1998), Leland
(1998), Peura and Keppo (2006) and Lin et al. (P0@&cordingly, optimizing shareholders’ return
with respect to only one control variable is likédybe suboptimal. There seems to be no literaiore
the joint optimality of portfolio composition andvel of capital For instance, Planchet and Therond
(2007) maximize in a one period framework the frsurplus to economic capital ratio and determine

! As argued by Matten (2000) and Jarrow et al. (20€4pital can be an important source of growthindting, for example,
from launching new lines of business, undertakioguasitions or increasing financial investment. 3&dypotheses have
been theoretically discussed and empirically tesBeaiger et al. (2008) find evidence by analogpanking sector of the
high capital ratio and active managed capital hyesés. A prominent explanation of these findings In the fact that

holding more capital increases the company's cgpé&mi taking further risk and increasing returnn @he other hand,

Cummins and Nini (2002) note that excessive eqapjital reduces competitiveness as a result ofiigite opportunity cost

of equity and market frictions.

2 Current French regulation system (Solvency |- Bpgdaces limits and eligibility rules on investmeBolvency Il, the
future European system is more flexible in the eghat the only requirement for insurers is thatrtholding capital has to
correspond to risks.



the optimal investment satisfying a ruin constrabttaene et al. (2005) and Ahcan et al. (2004)esolv
a multiperiod reserving and portfolio selection hgeon with deterministic and stochastic future
payments, respectively.

This paper combines the two strands of literatumg proposes a general optimization model to
find simultaneously the optimal investment portioéind capital for a non-life insurance firm in the
presence of capital adjustment costs. We optinmiza one period framework a fractional objective
function, the return on risk-adjusted capitRQRAQG, subject to a zero-conditional value-at-risk
shortfall constraint.

Using a Monte Carlo simulation based on a data wfgr French non-life insurance company,
we determine the efficient frontier. Thereafter, w@nduct sensitivity analyses to examine how
optimal solutions react to changes in parameterpebding on capital adjustment costs, risk
management with recapitalization may be more @bl than reducing the risk of the asset portfolio
with a fixed capital. The unconstrained capitabedition problem solutions improve performance in
comparison to the constrained one.

The remainder of this paper is structured as faglo8ection 2 sets up the analytical framework
and provides a solution to the problem without tpadjustment. Section 3 solves the general
problem by referring to fractional programming thedy considering two assumptions regarding
additional capital allocation. First, additionapdal is considered as a buffer and invested cotelyle
in the risk-free asset. Under the buffer assumptige propose two approaches to solve the problem
the fractional approach and the two step approd.relax afterwards the buffer assumption and
solve the problem when additional capital is altedeato all the assets. Section 4 focus on the ipedct
case, where the theoretical results obtained ipteeious sections are illustrated. Section 5 dpsel
different sensitivity analyses and section 6 cotetu

2. Portfolio optimization without capital adjustment

The purpose of this section is to deepen our utatmlgg of theCVaRbased portfolio
optimization problem. After briefly introducing theotations and assumptions, we formulate and
solve the problem without capital adjustment decisiThe motivation behind this intermediate step is
to use the related results in later sections.

2.1. Notations and assumptions

We consider a one period setting (0, 1) in whiclualevered non-life insurance company has (
lines of business indexed Ibyl,...,I. At datet =0, the firm receives deterministic premium incomes
p=(p, ,p)Tand pays at date=1 contingent claims=(s, ,s)TT ' . There are no new contracts

subscribed during the period. Liabilities risk canipe controlled, transferred nor hedged in the
marketplacg In our analysis, there are two sources of inl@stfunds. The first one is composed of
the initial equity capital composed of common stoékand the funds obtained by issuing or retiring

stocksDC with a cosb’(DC) . The second one is the technical resemggnerated by the premiums.
The funds(c +P+ DC) are totally invested following a strategic assktcation in Q) risky financial

assets and one risk-free asset with holding perétdrn rateS:(ro,rl, I, )TT ’. We have the
following relationship between the sources of inabke funds and their use:

C+DC+P= M Q)

=0

3 Without risk management, financial firms have wimices to verify regulatory constraints. The fisgty is to reduce the
aggregate risk by substituting asset structurerfore liquid and risk-free assets (cash). The seegmdis to increase their
risk-bearing capacity by holding more equity cdpita

4 C can be seen as the residual market value of taiierited from the latter period. It is assumedeé constant during the
period (0, 1) and superior to some minimum capéglirement below which ultimate supervisory measare triggered.

2



Where M, denotes the euro amount invested in ag$eTlis equation known as balance sheet

constraint equals equity capital and liabilitieshnassets. We assume that return rates and claives h
a continuous joint distribution.

Let x =(xl, VX, )T be the assets’ portfolio weights, such that Oi.e. (short sales are disallowed)

andx, =1- x'e (budget constraint). LeX ={xT 01’ |xTe£]} denotes in vector notation the basic
portfolio restrictiond Throughout the paper, we use boldface charattetgnote vectors. The firm
will choose an optimal mi>(DC,x) in order to maximize the expected return on chpitader a

solvency constrain€CVaR. This risk measure is defined by Rockafellar andaddey (2000) for a
continuous random loss functihras follows:

cvaR(U= g U L* vaR) )
For a given confidence level (01) it indicates the conditional expectation of Isss&ceeding
or equal to value at risk. StatisticallyaR is the upper quantile of loss function distribatio
VaR;(L):inf{IT LN a} 3)(
For the optimization process, we will use an aliise definition of the conditional value at risk.

As showed by Rockafellar and Uryasev (2000), opiing CVaR with respect tx is equivalent to
optimize€ some specific functioR, (x,u):

min CVaR(x)=, min F (xu) 4) (
F. (x,u):u+aiE{ L(x,s.,r) - u+}, ul R (5)
vaR (x):ar%min F(x,u (6)

We define a linear loss function w.nt.as the difference at the end of the period betwhen
(future losses and expenses) and the market vahssets:

L(xs.r,0C) =S i+d(DC)- (C+(1,” mF P) (¥ )+ x(r-re) - (1-1,)D0(% 1) @)
Wherel,is an indicator variable takingy when the marginal capital is invested in all tisseds

and 0 when it is totally invested in the risk-frasset el R’andil R' are J-dimensional and-
dimensional unit vectc(l,l,...,l)T . The insurer maximizes the return of risk-adjdstapital RORAQG.

% In some applications one may introduce the pdésiloif short positions or may limit the exposuregarticular groups of
assets, by imposing upper bounds (see Krokhmal €G02)). All these cases define some convexlpadyal feasible sets,
and are, therefore, covered by our models.

6 Conditional value at risk verifies coherence andwexity properties introduced by Artzner et a9%®) and Follmer and
Schied (2002). Th¥aR suffers from a number of shortcomings, due tovib&ation of subadditivity and convexity axioms
for general risk distributions (not elliptical). Ather important criticism is the fact that it does take into account extreme
losses that will occur beyondaR value. Wheread/aR exists for any distributionCVaR does not exist for fat-tailed
distributions because of non existence of the finsment.The translation invariance axiom gives@¥aR a regulatory
interpretation (see Artzner et al. (1999)). ltdels the marginal capital to be invested at thénbétg of the period in some

“secure” instrument so that the resulting positi@eomes acceptablgvaR (|_ + CVaB(L)) =0.

" The reason for introducing this “shortcut” formtita CVaRis to transform the optimization problem when apgmated
by Monte Carlo simulation into a linear programigga comprehensive and efficient optimization tool

8 Let us remind an important theorem due to Rockafeind Uryasev (2000). When the loss functiondevex in the
strategy for all realizations of a random vectbert theCVaRis convex in the strategy set. The proof of thisorem is
trivial. Moreover, Kaynar et al. (2007) explain tlitais possible to describe the insurer risk atté by defining special loss
functions. A linear loss function characterizess& neutral decision maker. On the contrary, a eanone describes a risk
adverse decision maker. Kaynar et al. (2007) aeallye portfolio selection implications arising framposing linear and
convex loss functions. Their results depend orctiwce of the risk measure. Delong (2005) uses matiadoss function to
penalize deviations of surplus from the reserlresll these cases, the conditions of the Rockafelhd Uryasev theorem
are satisfied.



Matten (2000) defines thRORACas the ratidbetween the expected net profit and the economic
capital EC at the beginning of the year:

(p-E(9)) i+(c+(1,” o)+ P)(r, +X E(r)- r@) (1-1,)DG; a(D] @ ¢) @
EC

Wherel, is the same as in (7) anddenoting the tax rateeC is defined as the level of capital

(c + D) for which global balance-sheet risks become acbémta
2.2. Optimal investment portfolio

E(RORAG =

We now formulate the optimization problem to deteenthe optimal portfolio with an
exogenous capital assumpt((m: =0, d( DC)= 0) . Practically speaking, the only decision variable
the portfolio composition. In this framework, théjective function is the return on capitdlOC
defined as the ratio of the expected net profihoinitial capital. One has to maximize this peshl

[P°]:/ (V') MaxE ROCE(x)

st CVja@L(x,s,r)) £
Where,vV* is a certain risk exposure level. The upper-sci@itstanding for the optimization
problem without capital adjustment. Following tha@vency criterion we adopt (ze©VvaR), not all
the efficient portfolios will have an acceptablekii ThecvaR is used here to separate between
optimal efficient withv+ £0 (acceptable risk) and those withs 0. An alternative formulation is
based on minimizingcvaR for a given minimal level of expected return asRockafellar and
Uryasev (2002):

)

[@]:¥ () Min CVaFg( L(x,s,r))

8 E ROC(x) * E

Where,E® is a certain admitted expected return rate liffilte above programs are consistent
with the Markowitz theory. As proved by Krokhmal &t (2002),[P’] and[Q!] lead to the same

efficient frontier obtained by varying® andVv*®, respectively. The feasible s¢tefined above is
compact and convexROC’is concave (linear) ar@vaR is convex. An important restilstates that

the constraints in (9) and (10) are binding wiéh V2, v andE’T E ,E_ respectively.

in ? max

(10)

where(Ez, vz,) and(Ez,.va,)correspond to the respective solutions of the usitaimed problems
(@] and-]:
[Q]: V= Min cvaR( xs.r)) [P] El.= MaxE ROC (x) (11)
Let us denote:
X, = ary?gin CVaF§( L(x,s,r)) X = argxrirex E ROC(x) ™ (12)

The function; is concave, strictly increasing, continuous anffedckéntiable (Krokhmal et al.

® Investment decisions based on risk adjusted peeoce ratios emphasize particularly the trade-effveen the return
generated by portfolio rebalancing and the oveiak contribution. TheRORACresponds to regulator and stockholders
requirements since it takes into account at theeséme profitability and risk. Only a few studieave explored portfolio
optimization with respect to this performance meassee for instance Fisher et al. (2005).

Owe refer to the theoretical results of Li et aD@2). They have focused on optimal portfolio sétectvithout short sales.
The framework they use can obviously be adaptethfoproblem of portfolio selection with fixed ctgli

" Thex,, portfolio is not necessary the risk-free asset. Weak dependence between assets and liabilities may
create a diversification effect so that a riskytfmio will minimize the global risk. Howeverx®_ corresponds
to the highest return rate asset.



(2002) and Bertsimas et al. (2004)). Dependingtenvalues of/?, andv? , we may distinguish
three cases regarding the efficient frontier positvith respect to solvency threshold. The firsteces
related to a situation of distress, typically of arder-capitalized firm. Even though the firm stdec
the less risky portfolio, it is not able to meet tdolvency constraint. The second case describes, o
the contrary, an over-capitalized firm for which efficient portfolios have an acceptable risk. The
last and the most realistic case concerns a faitatized insurer which satisfies the condition:
Vi <0 andV: >0.

3. Portfolio optimization with capital adjustment

In this section, we consider in detail the jointiopzation problem. The decision variables are the
level of capital adjustmentC and the portfolio compositior. The optimization problem has the
following form:

NP(x,DC)
Max ~— ————
x,DC C+ m (13)
st r,(xCDC)E (

Where NP is the expected net profit amdis the global balance-sheet risk measure. This
alternative formulation of th&@ORACoptimization problem is more general than the emtwonal
form proposed by Fisher et al.(2005) since it retathe restrictive identity condition between the
additional capital and the risk measure. We dematesthat this condition is a special case of the
general problem (13). The second difference is tbedpitalization (issuing or repurchasing stocks)
involves transaction costs. To analyze the costaising equities, we refer to the empirical stadi¢
Smith (1977) and Lee et al. (1996). They documdgriificant economies of scale in the issuance
process. We can expect the same pattern for stegkgchasing. To model these features in the
simplest possible way, we make the assumptionttfigatost function depends only on the absolute
amounts of funds raised or retired by the firm. #ééne a piecewise linear cost function given by:

_ - bC DCEC (14)

gDC DC3 0
Whereb >0 and g >0 denote proportional costs.

The third point concerns additional capital allomat We have distinguished two general cases
regarding the allocation process. In the first do€,is invested in a risk-free asset. In the second,
DC is invested in all the assets.

3.1. Marginal capital as a buffer

a(bC)

We make first the assumption that is totally invested in a risk-free asset i.e. ¢deed as a
buffer stocK1, =0). One has to maximize the probleR}

(P-E (s))i+(Cc+ P)(r0+>((E(r)- roe))+ D~ (0 @ ¢)
(ﬁx‘%q C+DC
St cvaR s'i+d(DQ-(C+P) (1+¢)+x (r-re) -Ddl+r) £0 (16)

Pl

(15)

The constraint on the additional capital level gmies that the economic capital will be nonnegativ

Proposition 1 The risk constraint of the optimization problem' is binding at the optimal

portfoliox” .
The proof of proposition 1 is presented in apperfli®t is worth noting that, according to the
translation invariance axiom and proposition 1 ltedhe shortfall constraint can be rewritten, for

any(xI X), as:
cvaR s'i-(C+P) (1+1)+x (r-re) =bDC(1+h) (17)



r, DC=0

With h= (r,-g) DC>0 (18)

(r,+b) DC<0

For piecewise linear cost function, equation (1&)jssan identity relationship between the
additional capital and the risk constragwar of [P;]. Thus, we find practically the optimization
problem ofRORACproposed by Fisher et al. (2005). In the following first prove that there is a
unique global optimum and then we propose two aggres to derive the optimal solutions.

3.1.1. The fractional optimization program

We replace C from (17) in P/ and solve the following problem:

} (- )i+ (C+P)(r,+X(r-re) @ty h@d ¢ )G
P, Max
Lk CVaR (x)
Cc+——2\7
(1+h)
This optimization problem is said to be a concemmvex fractional program (CCFP) (Schaible
(1986)) if the numeratoN( . ) and the denominatd( .) are respectively concave and convex,

+h(1- t) (19)

N( . )is nonnegative and the feasible set is convex. dijjective function is strictly quasiconcave

and it is pseudo concaveNfand D are differentiable. Strictly quasiconcavitylies that any local
optimum is a global optimum. Pseudo concavity ygelehder certain additional assumptions that the
Kuhn and Tucker optimality conditions are suffidiemo solve the fractional problem, we use the
Dinkelbach algorithm (appendix B).

3.1.2. The two-step approach

A second procedure to determine the optimal saistaonsists in solving a two step optimization
program. This approach connects th@ with P’ by setting analogy between the different
variables.

Lemmal" xi X, bd&  Va Ve  whereV:
(1+h)’(1+h)

Sketch of proof is given in the appendix C.

=CVaR (x,,) andv? =CVaR(x,,)-

max

Proposition 2 The optimal marginal capitabC is derived from optimizing a one variable
problem P" :

- e roc (X (DC))- h(x ¢)
o Vi c+DC

(1+.h)' (1+h)

+h{1- 1) (18)

The proof of proposition 2 is presented in appeidix

The problem P’ is said concave fractional program as a ratio sfrigtly concave function to a

linear function. Concave fractional programs stemme important properties with concave programs,
due to the generalized concavity, especially: allotaximum is a global maximum and a maximum

is unique if either the numerator is strictly comear the denominator is strictly convex (Frenk and

Schaible (2009).

The main advantage of this procedure is that aujist costs do not enter the first step. Thus, when
the risk constraint risk is binding, we can consit@re general capital adjustment cost functions.

Lemma 2 The optimal marginal capitaDC’'is reached when the elasticity of adjusted ROC to
capital is equal to one:



sof(00)  cuc
doC  rodx (Coc)[;C n-0) 19)

The proof of lemma 2 is presented in apperix
As an illustration, figure 1 depicts the efficigmntierROC’(V* ) and theRORAQV* ) curve for

efficient portfolios satisfying the shortfall coraint (16).

Efficient frontier associated to problenP’ (plain line) cuts theY-axis at pointC where
(Va :O). At this point, the shortfall constraint (14) isrified without need for capital adjustment.

For a risk limit equal t(?\/”" =O) and fixed initial equity capita , efficient portfolios located at the

left side ofY-axis entail negative risk.

At the right side ofY-axis, the risk is positive. In this case, withaaising equity, shortfall
constraint will not be verified. The poins and F represent the lower and upper bounds of the
efficient frontier, respectively. ThRORAC objective function is strictly quasi-concave sirites
equal to a ratio of nonnegative concave and lifaactions. Its associate curve (dashed line) is
expected to admit a global maximumoint D). For instance, at the minimum risk portfolio,tlife

firm reduces equity capital h) , the RORACwiIll move from A to B. At the most profitable

portfolio, RORACIs expected to be low. To carry out the solvermystraint for this risky investment,
the firm has to increase equity capital with a higist. ConsequenthflRORACdeclines and moves
from F toE.

Most profitable
portfolio
Be?,
Ad Equity capital Equity capital .
Minimum risk retiring raising “ee..
portfolio Ve <0 Ve =0 e 4E
Va ,min 0 Va,max Va

Fig. 1. Efficient frontier curve (plain linegoc (v+) without a solvency constraint and
RoOrRAV*)curve (dashed lingof efficient portfolios.

It is important to note that recapitalization impes the objective function value which moves
from C to D. As long as the maximum of tiREORACcurve is located at the right of Y-axis, it wikb
profitable for the firm to raise equity capital. &Ate left of Y-axis, to improveRORACDby retiring
equity capital, the return rate at the pdinshould be superior to the one at pdlif. Otherwise,

12The position of poinb to the pointC depends mainly on equity capital adjustment cost.
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keeping unchanged initial capital would be the mptisolution. ThRe(RORACcurve is designed as an
illustration of its shapd The position of this curve could be shifted mtrehe left or to the right
depending on the value of parameters. There areeitreme cases concerning this curve. The first

case is when=A) i.e. the optimal portfolio overlaps the minimuisksy portfolio of[Rf]. In fact, an

important diversification effect within and betweiewestment and insurance risks could explain this
situation. Consequently, tHRORACcurve will be convex and decreasing. The secosd mwhen

(D=F) i.e. the optimal portfolio overlaps the most jatfle portfolio of P’ . A possible explanation

of this situation will be an excessive negativeunasice income. ThRORACcurve will be concave
and increasing.

Proposition 3 The optimization problemsP’ and P’ are equivalent in the sense that they
lead to the same optimal portfolio.

The proof of proposition 3 is presented in apper@ix

3.2. Marginal capital as investable funds

We relax the assumption of buffer regarding the gimal capital C; and assume that it is
allocated to all the assets. It is clear tha&® is a special case of general problem. One has to

maximize the problemP’

(p-E (8))'i +(C +0G +R)(r, +X E(1) - 19)- o(D5) @ 1)

g Ve E{ RORAG= G +DC (29)
St CvaR s'i+d(DG)-(C +DG+P) (L1+1) +x (r-re) £0 (26)
xI X

The objective function and the constraint are meittonvex nor smooth. Capital adjustment cost
function is piecewise linear of a capital with ieasing slope values. This function is convex but
nonsmooth. The objective function and the loss tioncare nonconvex with respect to decision
variables Therefore traditional convex optimisatioathods are not appropriate. We will transform

P? to convex problem by a change of variables andrasformation of the objective and constraint

functions. We will use the variables defined gs: 525 *R andy = G*DG*P x- We can express
G+R J G+R
the marginal capital as function ¢f :
oG =(G +8)(y, - 1) (27)

After the change of variables, the initial progream be expressed in terms of the new variable g. On
has to solve problen®’

(P-E (' +(C +R)(wr+Y E()- 19)- oG B(y: 9) & &)

28
G+(G+P)(y,-1) )

P4 =
g W E( RORAG

13 without further assumptions on the joint distribatof return rates and claims, it is not posstol@dvance beyond the
above results. If risks have a joint elliptic distition (Kaynar et al. (2007)), whe@vaRhas a closed-form expression, we

can extend the initial problem to find, for instenthe conditions on parameters of the joint distion to verify DC; 3 0 or
DC; £0or to determine the efficient frontier boundarygrénder and Baptista (2004)).

We test numerically these two extreme cases.



St cvaR si+d((G+ B(Y,-1)-(C+ R) w(1+ g)+y'(r-1e) £0 (29)

P
Sy 30
Y o+ ) (30)
Y- YEO (31)
y;®0 =L (32)

The problemP? is a linear fractional program. Equation (30) gméeas that the level of capital
DC +G is nonnegative. Equations (31) and (32) refleetttbhdget and short selling constraints.

4. Case study and numerical simulation

In this section, we illustrate how the theoretioedults discussed above can be applied to the
insurance context. We consider a major French ifierinlsurance firm data.

Table. 1.Claims summary statistics (the first two momemis the kendall's tau)

Motor Third-party Fire Property damage
Motor 1 0.068 (0.002)* 0.044 (0.42) -0.0220.46)
Third-party - 1 -0.179 (0.23) 0.155 @®.=2
Fire - - 1 0.315 (0.101)
Property damage - - - 1
Mear? 1,832 89.9 35.7 584
Standard-deviation 2,489.95 77.30 31.24 286.57

*%) Denotes the p-value of the one-sided test.

Mean and Standard-deviation are in millions obsME).

To create a realistic representation of the ingustata cover four principal lines of business
(LoB) in terms of gross paid claims over the perl®95-2008°. The four business lines selected are:
motor, third-party, fire and property damage. Baeaof the small number of observations, we use
block bootstrap method to compute the first two ranta and the kendall's tau between the four LoB.
This sampling scheme preserves the dependencéusérbetween contiguously sets of data.

Table 1 provides a summary of aggregate claimsriggise statistics. There are two significant
positive co-movements between motor and third-plnigs and between fire and property damage
lines. The dependence relationships (motor, prgpgamage) and (fire, third-party) are however
negative. It can be argued that property guarantbésh provide cover for natural caused damage are
expected to be independent with motor ones. Thensknegative relationship could be explained by
the fact that third-party line belongs to a longrtelass whereas fire belongs to an intermediasscl

The insurer is allowed to invest its wealth in maficial market consisting of a risk-free asset
(bond or bank account) and risky assets (stockookgund). Without loss of generality, we consider
two risky assets and a risk-free asset. The fin& corresponds to the CAC40 global index. The
second asset, more risky, is approximated withead¥r stock fund. The risk-free asset is the French
Treasury Bills (3 months).

Table 2.Summary statistics of annual return rate of assets
Mean  St.dev Pearson'srho Spearman'srho Kentall'

T-Bills (3 months) 3.73% - - - -
CAC40 Global Index 6.82% 23%
Stocks fund 10.08% 59% 0.23 (0.013) 0.28 (0.005)* 0.15 (0.007)

*(.) Denote the p-value of the one-sided test.

5The lack of data prevents us from using a largempd@. French insurance companies' data have begbe officially
reported since 1995.



Table 2 displays assets summary statistics overséimee period of insurance claims datarhe
CAC40 global index and the stock fund are significaand positively dependent. We define the
aggregate loss valueas equal to the sum of claims associated to thelioB:

Y:§+§+§+§ (33)
Table 3Dependence measures between aggregate claimssetd eeturn rates
CAC40 Global Index Stock fund
Aggregate loss (Pearson Correlation) -0.017 .10 -0.02 (0.15)
Aggregate loss (Spearman rho) -0.004 (0.12) 0.01-(0.085)
Aggregate loss (Kendall tau) -0.031 (0.059) -0.09 (0.037)

*(.) Denotes the p-value of the one-sided test.

Table 3 presents various measures of dependenaedretaggregate insurance loss and assets
return rates. There is a weak negative dependesteeebn stock fund return rate and aggregate loss.
Kendall tau is significantly different of zero a¥%5 It is important to highlight the diversification
effect between assets and liability risks as alresfuthe small values of dependence measures.
However, we should be careful with such resultesiihclepends heavily on the sample data.

As described earlier, we carry out a Monte Carlmusation to generate scenarios for the
distributions of claims and return rates. We atergsted first in identifying the distribution diet
aggregate loss varialfle) . To construct a random samplg0f, one has to integrate the dependence
structures between the various LoB. A powerful témi modeling interdependence is copulas.
Because of their interesting properties, multivi@riArchimedean copulas are particularly used for
insurance applications. However, this class of tamis very restrictive in the higher-dimensional
case, since the exchangeability property impliasioegrelated ranks (Savu and Trede (2006)). To
circumvent this shortcoming Whelan (2004) proposes a particular case of desteulas, namely
hierarchicat®copulas. The dependence structure of losses framdiffierent LoB for our sample
suggests the use of this type of copulas. Actually,have two pairs of positive dependence. We
define the four-dimensional Archimedean hierardiiogula by:

C,.w=C,. (4, u.u,y) (34)
= Cz,l(cl.l (ul’ uz) ’ Cl,z( U3, U4))

:f22021f 111f 1,1(u1)f+ 1,1(u2) + ,;1 fiz 1,('45)-'- 1(%) )

Whereu,,u,, u,, u, belong to[o,]]4 ./ ,,»/,,and/ are the generating functions for the various

L, U,
copulas. These functions are monotonically deongaeh[o,]]. For our data, Copulas,, andC ,
model dependence structure between losses fromofnamid third-party) and (fire and property
damage) lines, respectively. The conditions ©f), to be properly defined amg, <q,, andg,, <g, ,.

We use Frank copulas for,, C ,andC,,. This choice is supported by numerous actuarialiss.
The weak robustness of the estimation process duthé sample size force us to choose a
predetermined form for the copula. The valueg,0andg, ,computed numerically from the kendall's
tau formula are equal to 0.615 and 3.1, respegtiv¥e choose an initial value of 0.5 tpr.

The rates of return of the two risky assets araraed to be normal whereas the aggregate claims
have a gamma distribution. We model the dependbetigeen aggregate claims and return rate of
stock fund with a Frank copdfa Thereafter, we construct the return rate of CA®$0Cholesky

%We obtain the claims data from the French fedematibinsurance firms (FFSA) and the different assgiotes from
DataStream.

17 Most widely used copulas have only one parameted® not fit well data.
18For more details on hierarchical copulas, we refehe study of Savu and Trede (2006).

The use of copulas for modeling dependence streidtatween more than two random variables entadélsrétical and
technical problems. To overcome these problemshawe choose in the work to model a first part gedelence with a

10



decomposition. The simulated samples of aggredatemg and return rates of assets are based on
10000 independent draws.

Since we do not consider all the lines of busiregke firm, capital level data is not exploitable.
We chose an arbitrary initial capital value whidrifies the following condition: when the whole of
investable funds are invested in the minimum riskfplio, the CVaR with a confidence level of 1%
is negative. Based on data, we choose an arbitralye of 10000(ME). The global technical
provisions associated to the four lines of busirs@escomputed according to a value at risk criterio
with a confidence level of 75% of the discountedragate claims distribution (see Lorent (2006) and
Planchet et al. (2007)). To take into account tlerdification effect between the LoBs, we calcalat
the VaR of aggregate loss rather than the sumddfidual VaR. The premium loading factor and tax
rate are equivalent to 20% and 35%, respectivedgaRling equity capital adjustment cost function,
as reported in Lee et al. (1996), we use a prapmaticost of 3.5% and 7,11% for stocks repurchasing
and issuing, respectively.

5. Results
We proceed first to a graphical description of tipeimal solutions. We illustrate next the effects
of a set of factors on these solutions.

5.1. Efficient frontier

Figure 2 shows efficient frontierR OC-CVaR for the problemP’ (without capital adjustment)

for various confidence levels. We draw also thécefifit frontier ROC-VaR for the same problem
associated with for a value at risk shortfall cosmist.

Fig. 2. ROC-CVvaRandROC-VaRefficient frontiers without shortfall
constraint and following different confidence level

The ROC-CVaR curve is smooth compared to tHeRQC-VaR one. The latter exhibits multiple
maxima, specially for small risk exposure levels.showed by Lemus et al. (1999), the nonconvexity
of value at risk causes computational difficulée®l leads to erratic efficient frontier curve.

bivariate Frank copula and the second part withRbearson correlation given that the return ratetheftwo assets are
normal.
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Fig. 3. Efficient portfolios curve verifying zer&VaRand zerdvaRconstraints with different confidence
levels.

The lower the value of alpha chosen by the instinermore conservative he must be considered,
since he is giving importance to less likely potitiks of loss. Note that for a giveROGC the
CVaR1%) efficient frontier is practically bounded blyose ofVaR0.25%) andvVaR0.4%). This
result diverges from the common accepted view ati@uequivalence d€VaR1%) andvaR0.5%).

Let us note that the choice of the initial caphak fulfilled the condition that theéVvaR of the
minimum risk portfolio is negative. Figure 3 illuates the efficient portfolios curves verifying the
zero-CVaR & VaR constraints obtained with the two step approakfer computing efficient

portfolios for P’ , we adjust th&OCcurve with the corresponding equity capital to @bRORAC

As expected, the efficient portfolios frontier f6aRis quasiconcave and admits a unique optimum.
Hence, extra capital allows to insurer to imprdve ¢xpectedRORACfrom 9, 81% to 10, 13% when
risk is measured witltVaR These results are roughly similar to those ohéttiet and Thereond
(2007). In their study, they optimize a ratio olbjee function to one risky asset under a valuesit r
shortfall constraint. They derive an s-shaped camélar to figure 3.

5.2. Optimum sensitivity analysis

We investigate now, optimum sensitivity to inite@pital and other modeling assumptions such as
claims volatility, dependence structure between rikkiest asset return rate and the claims and
dependence between assets and liabilities.

5.2.1. Capital adjustment cost

To analyze the effect of capital adjustment cosbptimal solution, we choose various levels of
raising capital cost. We keep unchanged the stamksrchasing cost. We remark from Figure 4 that
for a proportional cost of 5% and 10% the maximadated at the right side ¥f axis.
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Fig. 4. RORAC-CVakRefficient portfolios curve for different capitadljmstment cost.

The more the cost increases, the more the maxinaimaipse tdr-axis. When the cost becomes
higher than a specific level (10.5% for our casied, maxima will be located on theaxis where the
optimal decision will consist in keeping initialgital unchanged.

5.2.2. Initial capital level

Let us note first that aggregate risk is not affddby changes of initial capital level. When iditia
capital is high, the firm is over capitalized &RORACis small. Tables 4 and 5 show tiRORACIs a
decreasing function of initial capital. For highvéd of capital there is no capital adjustment. The

insurer has enough guaranties to attain any optiisiaf portfolio.
En response to initial capital evolution, thera isansfer of investable funds from tBAC 40to

stock fund.

Table 4.Optimum sensitivity to initial capital with@vaR1%)

C, DC, Xo X X, RORAC
10000 1335 0 0.14 0.86 10.11%
13000 0 0 0.77 0.23 9.97%
16000 0 0 0.66 0.34 9.38%
19000 0 0 0.60 0.4 8.90%
21000 0 0 0.58 0.42 8.64%

X, % andx; refer to the optimal allocation in T-bills, CAC@I and the stock fund, respectively.

Table. 5. Optimum sensitivity to initial capital with\#@aR0.5%)

C, DC, Xq X X, RORAC
10000 699 0 0.23 0.77 10.89%
13000 0 0 0.33 0.67 10.33%
16000 0 0 0.42 0.58 9.63%
19000 68 0 0.45 0.55 9.05%
21000 127 0 0.48 0.52 8.76%

From the comparison of Tables 4 and 5, we see sdifferences between optimal solutions
depending on the risk metric. This disparity tetuddecrease when initial capital is high.
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5.2.3. Aggregate loss volatility
To construct an interval for the volatility of aggate loss, we keep the same valuegfgand

q,,associated to the hierarchical copula and vgryTables 6 and 7 display the optimal solutions

sensitivity to aggregate claims volatility. We ndiest, that when volatility increases the expected
RORACdecreases and optimal marginal capital increases.

Table. 6. Optimum sensitivity to aggregate loss volatilitythivaCvVaR1%)

Gr1 Dc[ x; x; x; RORAC
-10 0 0.03 0.12 0.85 11%
5 715 0.1 0.15 0.74 10.32%
0 2214 0 0.2 0.8 9.69%
5 3415 0 0.24 0.76 9.12%
10 0 0.03 0.12 0.85 8.6%

The volatility raise entails a higher risk and hettee need for additional equity capital. In resg@oto
loss volatility variation, optimal allocation becesimore regular than in the case of initial capital
variation. Note a flight to the risky assets.

Table. 7. Optimum sensitivity to aggregate loss volatilitythivaVaR0.5%)

91 DC, Xq X X, RORAC
-10 0 7 0 0.25 0.75
-5 715 31 0.15 0.27 0.58
0 2214 1284 0.04 0.29 0.67
5 3415 2283 0 0.275 0.725
10 0 3532 0 0.34 0.65 524

Dependence structure

In order to quantify the effects on optimal solasoof aggregating risks, we consider various
dependence structures between aggregate claimasaeis return rates. Tables 8 and 9 illustrate
optimum sensitivity to dependence structure ui@éaRandVaRmetrics, respectively. The first case
represents a situation of co-monotonicty between tilio variables. Because of their inverse
relationship in the aggregate loss function, teksriare cancelled. This result indicates thatitheif
able to choose high risk investment and improveRIBRACwithout need for extra capital. The
opposite assumption regarding dependence structwkes a positive marginal capital. As expected,
we see that the diversification effect measured BT, value decreases as the risks dependence

decreases.

Table. 8. Optimum sensitivity to aggregate claims and stdokel return rates dependence structure
with a

CVaR(1%)

Dependence . . « «

e DC, X, X, X, RORAC

Counter-

monotonic 2016.8 0.37 0 0.63 8.22%
Frank ( <0) 1404.8 0.14 0 0.86 9.23%
Independent 1064.3 0.04 0.19 0.77 10.38%
Frank ( <0) 0 0 0.46 0.54 12.69%

Co-monotonic 0 0 0.6 0.4 13.2%
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Table. 9. Optimum sensitivity to aggregate claims and stdckd return rates dependence structure with a

VaR(0.5%)

Dependence * * x .

striucture DC, Xo X X2 RORAC

Counter-
monotonic 1532.3 0.28 0 0.72 8.73%
Frank ( <0) 1061.8 0 0 1 9.8%
Independent 310.8 0 0.22 0.78 11.21%
Frank ( <0) 0 0 0.55 0.45 13.07%

Co-monotonic 0 0 0.63 0.37 13.33%

6. Concluding remarks

This paper provides a solution to a joint optimiaatproblem to find the optimal risk and return
profile for a non life insurance company. Analytiexploration of this problem and Monte Carlo
simulation reveal many interesting results. Thanojgation of the balance-sheet as a whole makes
the analysis more comprehensive than in a settisgd on purely exogenous capital. Active capital
management appears to be more profitable than rman#we risk of assets with a fixed capital. By
considering separately assets and liabilities righsurers ignore interdependence and restricts in
some way performance. Alternatively, the optimarltfolio is very sensitive to surplus level,
distributions and dependence structure betwees.risks worth mentioning that our optimization
procedure can be run monthly or quarterly underttih® assumptions regarding marginal capital
allocation. The difference in capital adjustmenstcwill probably explain difference in insurance
firms’ choices of asset risk and capital ratiose Tase study demonstrati® potential uses of the
model for the property-liability insurance industry

We can improve the calibration quality for this wday considering a larger sample. Moreover,
our analysis could be extended to study other imest opportunities such as M&A, lunching new
business and any project requiring capital eitl@rfibance it or to reduce its marginal risk.
Reinsurance decision can also be integrated it@ptimization models. The two step approach will
solve more efficiently the insurer’'s problem, espig for a large-scale setting. Finally, becau$e o
time variation of risks distribution and dependestacture, it might also be desirable in futurekgo
to analyze and solve the problem in a multi-pefiagnework where more larger class of assets and
more detailed taxation could be considered.
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Appendix A. Proof of Proposition 1

Let us suppose, on the contrary, that the paiptfal solutions(x’ ,DC’ ) verify:

CVaR s'i+d(DC)-(P+ C) @+ )+ X (r-re) -DC @+r,)<0
Using translation invariance property of the caodidl value at risk, we have:

CVaR s'i- (P+ C) @+ )+ X"(r- rg) <DC (1+h)
where,CVaR (x") the risk constraint related t® obtained with the optimal allocatioxi. There
exists a marginal capital Iev(aDC 3-C|DC < EI:’)With the same sign (to use the same adjustment
cost) and satisfying the risk constraint such that:

CVaR s'i- (P+ C) @+ )+ X" (r- re) =DC(1+h)

The objective function in P’ can be expressed as follows:

(p-9)i+ (C+P)(r,+X(r-rg) (@ t)y h@ t)C

+h(1- ¢
C+DC a-7)

SinceC +DC?3 0, then:
" x'T X RORAQX’, DC) > RORA(X ,DC)
(x’,DC) is an admissible solution for thé®! . By improving the value functior(,x’,DC) contradicts
the optimality of(x",DC") .
Accordingly the risk constraint inP: is binding at the optimal portfolio.
Q.E.D.
Appendix B. Dinkelbach algorithm
The Dinkelbach algorithm is based on solving nuosly an auxiliary problem

Q(x,/)=N(x)- /D(X), N and D refer to the numerator, denominator and a parameteAs

described in Schaible (1976) and Philips (19983, atgorithm is based on four steps:
N X0, X

Step 1(Initialization): Selection of some vectok®, x© T X and setting/ “* =X

Step 2(Solution search Solving the problenQ(/O) to get the optimal solution poink™®,  x* .

Step 3 (Stopping tegt If Q(/)= N X, X /WD o ¥ = 0, then setting x, X =
xen - xen 1t = /%) and stopping.

_ N X1k+1’ X3<+1

—W, k=k+1

Step 4(Loop): IfQ(/)=N X, X" -/*D X", X" > 0then setting/*"
and going to step 2.
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Appendix C. Proof of lemma 1
From equation (16), the value of marginal capgaqual to:

_ cvaR (x) L
~T(Leh) 1)
Particularly,
. _CvaR(x)
T @

Let us remind thaCVaR function is continuous, increasing and convextwxr. The unconstraint
minimization of the risk constrair@varR (x) w.r.t. X corresponds to the problé@r"] . Accordingly,

a

. . .. Ve
the lower bound for the optimal adjustment cap 1:'"h) .
Alternatively, the unconstraint maximization RDC(X)With respect ta yields:
X ., =argmaxE RO((:X)
)
" x1 X cvaR (x,.)= V.

max "

Therefore, the optimal marginal capit@lC’ for the problem P’ belongs to the interval

Van  Vow
(1+h)'(1+h)
Q.E.D.
Appendix D. Proof of Proposition 2
First, we can replaceC by V*in P . After reformulation we have:
~ Max Ctva E(ROC(x))- h(t 1)
A XV VL Moy C+W +h(1' [) (3)
St CvaR s'i-(C+P) (1+r)+x (r-re) =Vv*
By substitutingV* by CvaR (x), we obtain the following problem:
Max - E(ROC(x))- h(t ) + h 1) )
X X C + C\z;h)(x)
The maximization process can be decomposed asvillo
Max ROC(x))- h(& ¢
o C M ERch)re +ht- 1) ©)
Vet CHi St CvaR Si-(C+P) (1+g) +X (r-re) =v°
By substitutingV® by CVar{(x), we obtain the same form as the initial problem:
S __ HRo¢(x)-h@ r) +h(L-1) (6)

The optimization of the problem in brackets in Gpimilar to the maximization oP’ . We have
then:
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" ROCO(X* (Va))- h(x- ¢)
Pal va %%ax c C+ﬁ ¥ f’(l' t) (7)

And therefore:

0 * _ h _
e RoOC (x (DC)) (1- ¢)
Vi Véay C +DC

el (17;3 (1+h)

+ h(l- 1‘)

Proof of lemma 2
The first order condition forP" is:
dRORAGX (D (X (D
GO _# PO ¢ or - woctfiio) e
dDC dDC
Sinced(c, +DC, ) = dOG then:

d(C1 +|I:1)
DEC

~ 4 a
= O " m Vimin Mflax

+h)’ (1+h)

wodlx(06)  cenc
dDG ROC“(X’(DQ)) -h(1- ¢)

Q.E.D.
Appendix C. Proof of Proposition 3

Let assume, on the contrary, that the optimal plietfy” in the problem P does not belong to the
set of efficient portfoliosx (V+) of P° " v*T v2 v . Then,ROC(y )£ ROC(X*(V")),

min 7 “max

CvaR (y')® CvaR (x(\ﬁ)) where at least one of the inequalities is strigbr instance,
ROC'(y')< ROC(x'(V*)) andcvaR (y' ) =CvaR (x (). It follows that:
ROC)(y’)* < rRoC'(x, )
c+cvai(y) ¢ +cvaR(x,)

Since P is equivalent to:
o ROC (x)- N ¢)

Max G h(1- ¢ (22)
xl?x C+ CVaFg (X) + ( )
© (1+h)
Then,
t ROC(y')- - 1) hd- 1)< G ROC(x (Vﬁ))i - 1) o)
e T )

which contradicts the optimality ofy" . Thus, the optimal solution of the problem belongs to
the set of optimal solutions (V*) of P " v*T vz v
P" and P’ admitthe same solution:
y =x (V") where V' =cvaR(y)
Let assume on the contrary that the optimal satutie distinct. The optimal portfolio for the®! is

equal tox (V*) . Whereas, for theP” is equal toy’ =x (K') where K =cvaR(y') and

19



K tv®
Let replacey” with x’ (K) in P , we obtain a quantity A equal to:
. ROC (x (K))- - 1)
t cvaR (x ( K
C +E§_E_ h)( ))
The value function B for P** is equal to:
B-c Roc"(x (v )) h(x ¢) rhfa-1)
c +DC
Using the result of lemma 1, we can express thienaptmarginal capital P with:
._CvaR(x' (V)
‘ (1+h)
Since the two problems admit a unique solution,aimality condition forx’ (V) is thatV* =K' .

A= +h(l- £)

Accordingly, P and P~ generate the same optimal portfolio.

a

Q.E.D.
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