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o Give a short introduction to k-th-to default swaps

@ Describe the quantities needed to price k-th-to default swaps in
portfolios with homogeneous recoveries.

@ Present a computational tractable shot-noise model in a
homogeneous portfolio.

@ Provide some details regarding the quantities needed for pricing
k-th-to default swaps in the shot-noise model

@ Present some numerical examples for k-th-to default swaps in our
calibrated model
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The Credit Default Swap (CDS)

@ C have issued bonds. C defaults at time 7.

@ A buys protection from B, on credit-losses inferred by C, for the next T
years.

S(T)N
4

quarterlyupto T AT

N/, credit-loss from Cif 7 < T

—————————————————— C 7 = default time for C
N = nominal insured
£ = credit loss in %
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CDS, credit default swap cont.

S(T) set so expected discounted cash-flows between A are B equal at t =0,
S(T) = E [1{;<7yD(7)(1 — 9¢)]
SaliE[D(tn) 3]

where t, = 7, D(t) = exp (f fot rsds) and r; is risk-free interest rate at time t
and / =1 — ¢. The accrued premium at default is ignored.

If 7 and r; independent, and 1 — ¢ deterministic, then

(1—¢) [ BsdF(s)
1yl B, (1= F(tn))

where By = E[D(t)] and F (t) = Q[r < t]. Note that S(T) don't depend on N.

5(T) =

The CDS is the most liquid single-name credit derivative and is also a main
calibration tool in most credit derivatives models.
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Portfolio credit derivatives: The k-to-default swap

@ The k''-to-default swap is a generalization of the CDS.

@ The obligors Cy, ..., C,, have issued bonds with default times 71,72, ..., 7p.
@ A buys protection from B, against k-th default among Cy,...,Cp,, upto T.
@ The k-th default occurs at Ty where {T,} is the ordering of {7;}.

Sk(TT)N quarterly to Ty A T

N(l—qb,') ifri=Te<T
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The k'-to-default spread S¥(T) needs dependence model

Sk(T) set so expected discounted cash-flows between A are B equal at t = 0,

S E (L DO = 0]
>l E[D(tn)z 1{Tk>tn}]

sK(T) =

where t, = 7, D(t) = exp (— fot rsds> and r; is risk-free interest rate at time t.
The accrued premium at default is ignored.

If {7;} and r; independent, and all recoveries are the same and given by the
constant ¢, thatis ¢1 = ¢ = ... = ¢, = ¢, then

1—¢) Ji] BsdFi(s)
T2 onl1 Be (1= Fi(tn))

where By = E[D(t)] and Fi (t) = Q[ Tk < t].

SK(T) =

To find Q [Tk < t] we need model for the joint distribution of 71,72, ..., Tm.
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Finding the ordered default distribution Q [T, < t]

@ Next, define the counting process N; as
Ny = Z 1{Tk§t}- (1)
k=1

@ Note that N; counts the number of defaults that have occurred among the
obligors i = 1,2,...,m up to time t, thatis {Tx < t} = {N; > k}, and thus

k—1

QITe<tl=1-> Q[N: =] (2)

Jj=0

@ Hence, under homogeneous recoveries, {Q [N: = j|}_, fully determines the
distribution Q [Tk < t] and thus the k*'-to-default spread S*(T).

@ So it is enough to study N, that is {Q [N = j]}T, for t > 0.
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)

Consider a filtered probability space (2, F,F, Q) where Q is a martingale.
Below, all computations are under Q.

Let {X;},Y;:1<i<m,j>1} be independent nonnegative random
variables where X;; has distribution F; and Y; has distribution Fy.

@ Furthermore, M; is a Poisson process with intensity p.

o Let {)\;;} be m processes where each A ; satisfies the SDE

d/\t,,' = 7(5,’/\;_»,,'0'1“ + dCt,,'

M,
: (3)
Coi =) VX
j=1
At each jump time S; of M, A;; jumps by the amount Y;X; ;, otherwise A, ;
decays exponentially with rate 4;.

@ This process is a Markovian shot-noise process

@ The dependence structure of the multivariate process (A¢ 1, At2, ..., Arm) is

completely determined by M, and the random variables {Y; : j > 1}.
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The model, cont.

@ Consider a portfolio consisting of m obligors. The default time of obligor i is
denoted by 7;.

O Llet Fr =0(Ms :0<s<t,{X;;,Y;:1<i<m1<j<M,}).

@ Let E1,..., E,, be independent random variables, exponentially distributed
with parameter one, and independent of F,. We define the default time 7;

as
t
Ti = inf{t >0: / /\5,,'0'5 > E,'},
0

which implies that 7; have default intensities \; w.r.t the filtration F;.
Furthermore, for T > t, it is easy to see that

Qlri > t|Fr] =exp (— /Ot)‘w'ds) : )

@ Note that conditional on F, the default times are independent.

Alexander Herbertsson (Univ. of Gothenburg) Basket default swaps in shot-noise model March 26, 2010 9 /19



The model, cont.

The following lemma will be useful and introduces notation needed later on.

Useful lemma: Lemma 1

Let Hi(x) = 0; }(1 — e=%%). Then

M;

t
/ As,ids = Xo,iHi(t) + Y YiXijHi(t — S)). (5)
0

Jj=1

@ Lemma 1 purely results from the shot-noise assumptions and can easily be
generalized to non-exponential decay.

@ It also holds for arbitrary random variables 7; replacing Y;.X; ;.

@ Lemma 1 holds both for inhomogeneous and homogeneous credit portfolios.
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The model, cont.

@ As seen earlier, to price portfolio k*'-to-default spreads on portfolios with
homogeneous recoveries, it is enough to find the distribution
{Q[N: = K]}, at different time points t,

@ Furthermore, to price CDS spreads we need the individual default
distributions Q [7; < t].

@ In this talk, we only consider exchangeable portfolios in our model given by
(3). We therefore make the following assumption in (3)

=06 and F,=F for 1<i<m (6)

This implies that the default times {7;} are exchangeable and have the same
distribution, and the exchangeability also implies that

k m
am =k (7)o [ﬂ <t ) > r}] @

i=k+1

which reduces the computations to find Q [ﬂf;l {m <t} ,Niir {m > t}}
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The model, cont.

Due to the exchangeability, we can then state the following lemma, which is
independent of the dynamics of the model (i.e. the default intensity process), as
long as the model is exchangeable (and has the conditionally independence

property)

Lemma 2:
Under (6) we have that

o=k (7 )Z() 1Y 6(em— k+). Q

Jj=0

where G(t, k) denotes

G(t, k) =E [e*ka:l I As’fﬂ . (9)

The proof is based on expanding Q [ﬂle {ri <t} Nilpsr {mi > t}}
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The model, cont.

@ Thus, in order to find Q [N; = K] it is sufficient to compute
{G(t,m— k+j)}j'<:o forany k=1,...,m.

@ Below we denote by X a prototype for X;; and similarly Y for V.

@ Recall that px(z) = E [e’zx] is the Laplace transform of the non-negative
random variable X. Also recall that H(x) = 6 (1 — e=%).

@ Finally, note that A\ ; = Ao for all obligors i, due to exchangeability.

The following theorem gives the necessary quantities for finding {G(t,/)}[;.

Under (6) we have that

G(t, k) = e FPHB=pt oy (pt/R /01 (cpx (yH(tz)))kszy(dy)> (10)
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An explicit example

Assume that

Y €{y,y»} where Q[Y=wp]=qg and X~ x*?2) (11)

where y1,y» > 0. Hence, Y is a two-point distributed random variable and X has
chi-squared distribution with 2 degrees of freedom. Then

Lemma 3: An explicit example
Under (6) and (11) we have that

G(t, k) = exp (= koH (1) + ptlal(ys, k. t) + (L= )l (y2, k) = 1] ) (12)
where [(y, k, t) denotes

! 1
I(y, k, t) == /0 L1201 (1- E76tz))l(dz. (13)
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The marginal survival distribution

For k > 2 it seems tedious to simplify G(t, k) further. However, for k = 1, we
can simplify (12) as stated in the following lemma.

Lemma 4: An explicit example of the marginal survival distribution
Under (6) and (11) we have that

_pq r(1—q)
@[Ti > t] _ ef)\oH(t)Jrct [1 + 2y1(571(1 _ efzit)] 54251 [1 + 2y2(571(1 _ efzit)] 542y,
(14)

c:p< 9, _l-g 1>. (15)

where c is given by

1421071 1+42y0°1

v

Recall that 7; is the individual default time for obligor i, which by exchangeability
has the same distribution for all obligors in the portfolio.

Note that Q [r; > t] do not depend on the portfolio size m.
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Sk(5) as function of CDS-spread (basket of 10 obligors)

k-th—-to—default spread as function of CDS spread
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Sk(5) as function of CDS-spread (basket of 10 obligors)

k-th—-to—default spread as function of CDS spread
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The calibrated parameters as function of CDS-spread
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Thank you for your attention!
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